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tWe introdu
e standardised building blo
ks designed to be used with variational Bayesianlearning. The blo
ks in
lude Gaussian variables, summation, multipli
ation, nonlinearity,and delay. A large variety of latent variable models 
an be 
onstru
ted from these blo
ks,in
luding varian
e models and nonlinear modelling, whi
h are la
king from most existingvariational systems. The introdu
ed blo
ks are designed to �t together and to yield e�
ientupdate rules. Pra
ti
al implementation of various models is easy thanks to an asso
iatedsoftware pa
kage whi
h derives the learning formulas automati
ally on
e a spe
i�
 modelstru
ture has been �xed. Variational Bayesian learning provides a 
ost fun
tion whi
h isused both for updating the variables of the model and for optimising the model stru
ture.All the 
omputations 
an be 
arried out lo
ally, resulting in linear 
omputational 
omplexity.We present experimental results on several stru
tures, in
luding a new hierar
hi
al nonlinearmodel for varian
es and means. The test results demonstrate the good performan
e andusefulness of the introdu
ed method.Keywords: Latent variable models, Variational Bayesian learning, Graphi
al models,Building blo
ks, Bayesian modelling, Lo
al 
omputation.1. Introdu
tionVarious generative modelling approa
hes have provided powerful statisti
al learning methodsfor neural networks and graphi
al models during the last years. Su
h methods aim at �ndingan appropriate model whi
h explains the internal stru
ture or regularities found in the obser-vations. It is assumed that these regularities are 
aused by 
ertain latent variables (also 
alledfa
tors, sour
es, hidden variables, or hidden 
auses) whi
h have generated the observed datathrough an unknown mapping (Bishop, 1999). In unsupervised learning, the goal is to identifyboth the unknown latent variables and generative mapping, while in supervised learning itsu�
es to estimate the generative mapping.The expe
tation-maximisation (EM) algorithm has often been used for learning latent vari-able models (Bishop, 1995, 1999; Jordan, 1999; Jordan and Sejnowski, 2001). The distributionfor the latent variables is modelled, but the model parameters are found using maximum likeli-hood or maximum a posteriori estimators. However, with su
h point estimates, determination
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orre
t model order and over�tting are ubiquitous and often di�
ult problems. There-fore, full Bayesian approa
hes making use of the 
omplete posterior distribution have re
entlygained a lot of attention. Exa
t treatment of the posterior distribution is intra
table ex
ept insimple toy problems, and hen
e one must resort to suitable approximations. So-
alled Lapla-
ian approximation method (Ma
Kay, 1992; Bishop, 1995) employs a Gaussian approximationaround the peak of the posterior distribution. However, this method still su�ers from over�t-ting. In real-world problems, it often does not perform adequately, and has therefore largelygiven way for better alternatives. Among them, Markov Chain Monte Carlo (MCMC) te
h-niques (Ma
Kay, 1999, 2003; Neal, 1996) are popular in supervised learning tasks, providinggood estimation results. Unfortunately, the 
omputational load is high, whi
h restri
ts the useof MCMC in large s
ale unsupervised learning problems where the parameters and variablesto be estimated are numerous. For instan
e, Rowe (2003) has a 
ase study in unsupervisedlearning from brain imaging data. He used MCMC for a s
aled down toy example but resortedto point estimates with real data.Ensemble learning (Hinton and van Camp, 1993; Ma
Kay, 1995, 2003; Barber and Bishop,1998; Lappalainen and Miskin, 2000), whi
h is one of the variational Bayesian methods (Jordanet al., 1999; Attias, 2000; Jordan and Sejnowski, 2001), has gained in
reasing attention duringthe last years. This is be
ause it largely avoids over�tting, allows for estimation of the modelorder and stru
ture, and its 
omputational load is reasonable 
ompared to the MCMC meth-ods. Variational Bayesian learning was �rst employed in supervised problems (Walla
e, 1990;Hinton and van Camp, 1993; Ma
Kay, 1995; Barber and Bishop, 1998), but it has now be
omepopular also in unsupervised modelling. Re
ently, several authors have su

essfully appliedsu
h te
hniques to linear fa
tor analysis, independent 
omponent analysis (ICA) (Hyvärinenet al., 2001; Roberts and Everson, 2001; Choudrey et al., 2000; Højen-Sørensen et al., 2002),and their various extensions. These in
lude linear independent fa
tor analysis (Attias, 1999),several other extensions of the basi
 linear ICA model (Attias, 2001; Chan et al., 2001; Miskinand Ma
Kay, 2001; Roberts et al., 2004), as well as MLP networks for modelling nonlinearobservation mappings (Lappalainen and Honkela, 2000; Hyvärinen et al., 2001) and nonlineardynami
s of the latent variables (sour
e signals) (Ilin et al., 2003; Valpola and Karhunen, 2002;Valpola et al., 2003b). Variational Bayesian learning has also been applied to large dis
retemodels (Murphy, 1999) su
h as nonlinear belief networks (Frey and Hinton, 1999) and hiddenMarkov models (Ma
Kay, 1997).In this paper, we introdu
e a small number of basi
 blo
ks for building latent variablemodels whi
h are learned using variational Bayesian learning. The blo
ks have been introdu
edearlier in two 
onferen
e papers (Valpola et al., 2001; Harva et al., 2005) and their appli
ationsin (Valpola et al., 2003
; Honkela et al., 2003, 2005; Raiko et al., 2003; Raiko, 2004, 2005).Valpola et al. (2004) studied hierar
hi
al models for varian
e sour
es from signal-pro
essingpoint of view. This paper is the �rst 
omprehensive presentation about the blo
k frameworkitself. Our approa
h is most suitable for unsupervised learning tasks whi
h are 
onsidered inthis paper, but in prin
iple at least, it 
ould be applied to supervised learning, too. A widevariety of fa
tor-analysis-type latent-variable models 
an be 
onstru
ted by 
ombining thebasi
 blo
ks suitably. Variational Bayesian learning then provides a 
ost fun
tion whi
h 
anbe used for updating the variables as well as for optimising the model stru
ture. The blo
ks aredesigned so as to �t together and yield e�
ient update rules. By using a maximally fa
torialposterior approximation, all the required 
omputations 
an be performed lo
ally. This resultsin linear 
omputational 
omplexity as a fun
tion of the number of 
onne
tions in the model.2



Building Blo
ks for Variational Bayesian LearningThe Bayes Blo
ks software pa
kage by Valpola et al. (2003a) is an open-sour
e C++/Pythonimplementation that 
an freely be downloaded.The basi
 building blo
k is a Gaussian variable (node). It uses as its input values bothmean and varian
e. The other building blo
ks in
lude addition and multipli
ation nodes,delay, and a Gaussian variable followed by a nonlinearity. Several known model stru
tures
an be 
onstru
ted using these blo
ks. We also introdu
e some novel model stru
tures byextending known linear stru
tures using nonlinearities and varian
e modelling. Examples willbe presented later on in this paper.The key idea behind developing these blo
ks is that after the 
onne
tions between theblo
ks in the 
hosen model have been �xed (that is, a parti
ular model has been sele
tedand spe
i�ed), the 
ost fun
tion and the updating rules needed in learning 
an be 
omputedautomati
ally. The user does not need to understand the underlying mathemati
s sin
e thederivations are done within the software pa
kage. This allows for rapid prototyping. The BayesBlo
ks 
an also be used to bring di�erent methods into a uni�ed framework, by implementinga 
orresponding stru
ture from blo
ks and by using results of these methods for initialisation.Di�erent methods 
an then be 
ompared dire
tly using the 
ost fun
tion and perhaps 
ombinedto �nd even better models. Updates that minimise a global 
ost fun
tion are guaranteed to
onverge, unlike algorithms su
h as loopy belief propagation (Pearl, 1988), extended Kalmansmoothing (Anderson and Moore, 1979), or expe
tation propagation (Minka, 2001).Winn and Bishop (2005) have introdu
ed a general purpose algorithm 
alled variationalmessage passing. It resembles our framework in that it uses variational Bayesian learningand fa
torised approximations. The VIBES framework allows for dis
rete variables but notnonlinearities or nonstationary varian
e. The posterior approximation does not need to be fullyfa
torised whi
h leads to a more a

urate model. Optimisation pro
eeds by 
y
ling throughea
h fa
tor and revising the approximate posterior distribution. Messages that 
ontain 
ertainexpe
tations over the posterior approximation are sent through the network.Beal and Ghahramani (2003); Ghahramani and Beal (2001), and Beal (2003) view varia-tional Bayesian learning as an extension to the EM algorithm. Their algorithms apply to 
om-binations of dis
rete and linear Gaussian models. In the experiments, the variational Bayesianmodel stru
ture sele
tion outperformed the Bayesian information 
riterion (S
hwarz, 1978) atrelatively small 
omputational 
ost, while being more reliable than annealed importan
e sam-pling even with the number of samples so high that the 
omputational 
ost is hundredfold.A major di�eren
e of our approa
h 
ompared to the related methods by Winn and Bishop(2005) and by Beal and Ghahramani (2003) is that they 
on
entrate mainly on situationswhere there is a handy 
onjugate prior (Gelman et al., 1995) of the posterior distributionsavailable. This makes life easier, but on the other hand our blo
ks 
an be 
ombined more freely,allowing ri
her model stru
tures. For instan
e, the modelling of varian
e in a way des
ribed inSe
tion 5.1, would not be possible using the gamma distribution for the pre
ision parameterin the Gaussian node. The pri
e we have to pay for this advantage is that the minimum ofthe 
ost fun
tion must be found iteratively, while it 
an be solved analyti
ally when 
onjugatedistributions are applied. The 
ost fun
tion 
an always be evaluated analyti
ally in the BayesBlo
ks framework as well. Note that the di�erent approa
hes would �t together.Similar graphi
al models 
an be learned with sampling based algorithms instead of vari-ational Bayesian learning. For instan
e, the BUGS software pa
kage by Spiegelhalter et al.(1995) uses Gibbs sampling for Bayesian inferen
e. It supports mixture models, nonlinear-ities, and nonstationary varian
e. There are also many software pa
kages 
on
entrated ondis
rete Bayesian networks. Notably, the Bayes Net toolbox by Murphy (2001) 
an be used3
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e of many types of dire
ted graphi
al models using severalmethods. It also in
ludes de
ision-theoreti
 nodes. Hen
e it is in this sense more general thanour work. A limitation of the Bayes net toolbox (Murphy, 2001) is that it supports latent
ontinuous nodes only with Gaussian or 
onditional Gaussian distributions.Autobayes (Gray et al., 2002) is a system that generates 
ode for e�
ient implementa-tions of algorithms used in Bayes networks. Currently the algorithm s
hemas in
lude EM,k-means, and dis
rete model sele
tion. This system does not yet support 
ontinuous hiddenvariables, nonlinearities, variational methods, MCMC, or temporal models. One of the great-est strengths of the 
ode generation approa
h 
ompared to a software library is the possibilityof automati
ally optimising the 
ode using domain information.In the independent 
omponent analysis 
ommunity, traditionally, the observation noise hasnot been modelled in any way. Even when it is modelled, the noise varian
e is assumed to havea 
onstant value whi
h is estimated from the available observations when required. However,more �exible varian
e models would be highly desirable in a wide variety of situations. Itis well-known that many real-world signals or data sets are nonstationary, being roughlystationary on fairly short intervals only. Quite often the amplitude level of a signal variesmarkedly as a fun
tion of time or position, whi
h means that its varian
e is nonstationary.Examples in
lude �nan
ial data sets, spee
h signals, and natural images.Re
ently, Parra, Spen
e, and Sajda (2001) have demonstrated that several higher-orderstatisti
al properties of natural images and signals are well explained by a sto
hasti
 modelin whi
h an otherwise stationary Gaussian pro
ess has a nonstationary varian
e. Varian
emodels are also useful in explaining volatility of �nan
ial time series and in dete
ting outliersin the data. By utilising the nonstationarity of varian
e it is possible to perform blind sour
eseparation on 
ertain 
onditions (Hyvärinen et al., 2001; Pham and Cardoso, 2001).Several authors have introdu
ed hierar
hi
al models related to those dis
ussed in this pa-per. These models use subspa
es of dependent features instead of single feature 
omponents.This kind of models have been proposed at least in 
ontext with independent 
omponent anal-ysis (Cardoso, 1998; Hyvärinen and Hoyer, 2000b,a; Park and Lee, 2004), and topographi
 orself-organising maps (Kohonen et al., 1997; Ghahramani and Hinton, 1998). A problem withthese methods is that it is di�
ult to learn the stru
ture of the model or to 
ompare di�erentmodel stru
tures.The remainder of this paper is organised as follows. In the following se
tion, we brie�ypresent basi
 
on
epts of variational Bayesian learning. In Se
tion 3, we introdu
e the buildingblo
ks (nodes), and in Se
tion 4 we dis
uss variational Bayesian 
omputations with them. Inthe next se
tion, we show examples of di�erent types of models whi
h 
an be 
onstru
tedusing the building blo
ks. Se
tion 6 deals with learning and potential problems related withit, and in Se
tion 7 we present experimental results on several stru
tures given in Se
tion 5.This is followed by a short dis
ussion as well as 
on
lusions in the last se
tion of the paper.2. Variational Bayesian learningIn Bayesian data analysis and estimation methods (Ma
Kay, 2003; Gelman et al., 1995; Jordan,1999; Neal, 1996), all the un
ertain quantities are modelled in terms of their joint probabilitydensity fun
tion (pdf). The key prin
iple is to 
onstru
t the joint posterior pdf for all the4



Building Blo
ks for Variational Bayesian Learningunknown quantities in a model, given the data sample. This posterior density 
ontains all therelevant information on the unknown variables and parameters.Denote by θ the set of all model parameters and other unknown variables that we wish toestimate from a given data set X. The posterior probability density p(θ|X) of the parameters
θ given the data X is obtained from Bayes rule1

p(θ|X) =
p(X|θ)p(θ)

p(X)
(1)Here p(X|θ) is the likelihood of the parameters θ given the data X, p(θ) is the prior pdf ofthese parameters, and

p(X) =

∫

θ

p(X|θ)p(θ)dθ (2)is a normalising term whi
h is 
alled the eviden
e. The eviden
e 
an be dire
tly understood asthe marginal probability of the observed data X assuming the 
hosen model H. By evaluatingthe eviden
es p(X) for di�erent modelsHi, one 
an therefore 
hoose the model whi
h des
ribesthe observed data with the highest probability2 (Bishop, 1995; Ma
Kay, 2003).Variational Bayesian learning (Barber and Bishop, 1998; Hinton and van Camp, 1993;Lappalainen and Miskin, 2000; Ma
Kay, 1995, 2003) is a fairly re
ently introdu
ed (Hintonand van Camp, 1993; Ma
Kay, 1995) approximate fully Bayesian method, whi
h has be
omepopular be
ause of its good properties. Its key idea is to approximate the exa
t posteriordistribution p(θ|X) by another distribution q(θ) that is 
omputationally easier to handle.The approximating distribution is usually 
hosen to be a produ
t of several independentdistributions, one for ea
h parameter or a set of similar parameters.Variational Bayesian learning employs the Kullba
k-Leibler (KL) information (divergen
e)between two probability distributions q(v) and p(v). The KL information is de�ned by the
ost fun
tion (Haykin, 1998)
JKL(q ‖ p) =

∫

v

q(v) ln
q(v)

p(v)
dv (3)whi
h measures the di�eren
e in the probability mass between the densities q(v) and p(v). Itsminimum value 0 is a
hieved when the densities q(v) and p(v) are the same.The KL information is used to minimise the mis�t between the a
tual posterior pdf p(θ|X)and its parametri
 approximation q(θ). However, the exa
t KL information JKL(q(θ) ‖

p(θ|X)) between these two densities does not yet yield a pra
ti
al 
ost fun
tion, be
ausethe normalising term p(X) needed in 
omputing p(θ|X) 
annot usually be evaluated.Therefore, the 
ost fun
tion used in variational Bayesian learning is de�ned (Hinton andvan Camp, 1993; Ma
Kay, 1995)
CKL = JKL(q(θ) ‖ p(θ|X))− ln p(X) (4)1. The subs
ripts of all pdf's are assumed to be the same as their arguments, and are omitted for keeping thenotation simpler.2. More a

urately, one 
ould show the dependen
e on the 
hosen model H by 
onditioning all the pdf's in (1)by H: p(θ|X ,H), p(X |H), et
. We have here dropped also the dependen
e on H out for notational sim-pli
ity. See (Valpola and Karhunen, 2002) for a somewhat more 
omplete dis
ussion of Bayesian methodsand ensemble learning. 5
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CKL =

∫

θ

q(θ) ln
q(θ)

p(X, θ)
dθ (5)whi
h does not require p(X) any more. The 
ost fun
tion CKL 
onsists of two parts:

Cq = 〈ln q(θ)〉 =

∫

θ

q(θ) ln q(θ)dθ (6)
Cp = 〈− ln p(X, θ)〉 = −

∫

θ

q(θ) ln p(X, θ)dθ (7)where the shorthand notation 〈·〉 denotes expe
tation with respe
t to the approximate pdf
q(θ).In addition, the 
ost fun
tion CKL provides a bound for the eviden
e p(X). Sin
e JKL(q ‖
p) is always nonnegative, it follows dire
tly from (4) that

CKL ≥ − ln p(X) (8)This shows that the negative of the 
ost fun
tion bounds the log-eviden
e from below.It is worth noting that variational Bayesian ensemble learning 
an be derived from information-theoreti
 minimum des
ription length 
oding as well (Hinton and van Camp, 1993). Further
onsiderations on su
h arguments, helping to understand several 
ommon problems and 
er-tain aspe
ts of learning, have been presented in a re
ent paper (Honkela and Valpola, 2004).The dependen
y stru
ture between the parameters in our method is the same as in Bayesiannetworks (Pearl, 1988). Variables are seen as nodes of a graph. Ea
h variable is 
onditionedby its parents. The di�
ult part in the 
ost fun
tion is the expe
tation 〈ln p(X, θ)〉 whi
h is
omputed over the approximation q(θ) of the posterior pdf. The logarithm splits the produ
tof simple terms into a sum. If ea
h of the simple terms 
an be 
omputed in 
onstant time,the overall 
omputational 
omplexity is linear.In general, the 
omputation time is 
onstant if the parents are independent in the posteriorpdf approximation q(θ). This 
ondition is satis�ed if the joint distribution of the parents in
q(θ) de
ouples into the produ
t of the approximate distributions of the parents. That is,ea
h term in q(θ) depending on the parents depends only on one parent. The independen
erequirement is violated if any variable re
eives inputs from a latent variable through multiplepaths or from two latent variables whi
h are dependent in q(θ), having a non-fa
torisable jointdistribution there. Figure 1 illustrates the �ow of information in the network in these twoqualitatively di�erent 
ases.Our 
hoi
e for q(θ) is a multivariate Gaussian density with a diagonal 
ovarian
e matrix.Even this 
rude approximation is adequate for �nding the region where the mass of the a
-tual posterior density is 
on
entrated. The mean values of the 
omponents of the Gaussianapproximation provide reasonably good point estimates of the 
orresponding parameters orvariables, and the respe
tive varian
es measure the reliability of these estimates. However,o

asionally the diagonal Gaussian approximation 
an be too 
rude. This problem has been
onsidered in 
ontext with independent 
omponent analysis in (Ilin and Valpola, 2003), givingmeans to remedy the situation.Taking into a

ount posterior dependen
ies makes the posterior pdf approximation q(θ)more a

urate, but also usually in
reases the 
omputational load signi�
antly. We have ear-lier 
onsidered networks with multiple 
omputational paths in several papers, for example6
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Figure 1: The dash-lined nodes and 
onne
tions 
an be ignored while updating the shadowednode. Left: In general, the whole Markov blanket needs to be 
onsidered. Right: A
ompletely fa
torial posterior approximation with no multiple 
omputational pathsleads to a de
oupled problem. The nodes 
an be updated lo
ally.(Lappalainen and Honkela, 2000; Valpola et al., 2002; Valpola and Karhunen, 2002; Valpolaet al., 2003b). The 
omputational load of variational Bayesian learning then be
omes roughlyquadrati
ally proportional to the number of unknown variables in the MLP network modelused in (Lappalainen and Honkela, 2000; Valpola et al., 2003b; Honkela and Valpola, 2005).The building blo
ks (nodes) introdu
ed in this paper together with asso
iated stru
tural
onstraints provide e�e
tive means for 
ombating the drawba
ks mentioned above. Usingthem, updating at ea
h node takes pla
e lo
ally with no multiple paths. As a result, the
omputational load s
ales linearly with the number of estimated quantities. The 
ost fun
tionand the learning formulas for the unknown quantities to be estimated 
an be evaluated auto-mati
ally on
e a spe
i�
 model has been sele
ted, that is, after the 
onne
tions between theblo
ks used in the model have been �xed. This is a very important advantage of the proposedblo
k approa
h.3. Node typesIn this se
tion, we present di�erent types of nodes that 
an be easily 
ombined together.Variational Bayesian inferen
e algorithm for the nodes is then dis
ussed in Se
tion 4.In general, the building blo
ks 
an be divided into variable nodes, 
omputation nodes, and
onstants. Ea
h variable node 
orresponds to a random variable, and it 
an be either observedor hidden. In this paper we present only one type of variable node, the Gaussian node, butothers 
an be used in the same framework. The 
omputation nodes are the addition node,the multipli
ation node, a nonlinearity, and the delay node.In the following, we shall refer to the inputs and outputs of the nodes. For a variable node,its inputs are the parameters of the 
onditional distribution of the variable represented by thatnode, and its output is the value of the variable. For 
omputation nodes, the output is a �xedfun
tion of the inputs. The symbols used for various nodes are shown in Figure 2. Additionand multipli
ation nodes are not in
luded, sin
e they are typi
ally 
ombined to represent thee�e
t of a linear transformation, whi
h has a symbol of its own. An output signal of a node 
anbe used as input by zero or more nodes that are 
alled the 
hildren of that node. Constants7
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As+a f(s)
s(t−1)

s
A,a

s

s(t)Figure 2: First sub�gure from the left: The 
ir
le represents a Gaussian node 
orrespondingto the latent variable s 
onditioned by mean m and varian
e exp(−v). Se
ondsub�gure: Addition and multipli
ation nodes are used to form an a�ne mappingfrom s to As + a. Third sub�gure: A nonlinearity f is applied immediately after aGaussian variable. The rightmost sub�gure: Delay operator delays a time-dependentsignal by one time unit.are the only nodes that do not have inputs. The output is a �xed value determined at 
reationof the node.Nodes are often stru
tured in ve
tors or matri
es. Assume for example that we have adata matrix X = [x(1),x(2), . . . ,x(T )], where t = 1, 2, . . . T is 
alled the time index of an
n-dimensional observation ve
tor. Note that t does not have to 
orrespond to time in the realworld, e.g. di�erent t 
ould point to di�erent people. In the implementation, the nodes areeither ve
tors so that the values indexed by t (e.g. observations) or s
alars so that the valuesare 
onstants w.r.t. t (e.g. weights). The data X would be represented with n ve
tor nodes.A s
alar node 
an be a parent of a ve
tor node, but not a 
hild of a ve
tor node.3.1 Gaussian nodeThe Gaussian node is a variable node and the basi
 element in building hierar
hi
al models.Figure 2 (leftmost sub�gure) shows the s
hemati
 diagram of the Gaussian node. Its output isthe value of a Gaussian random variable s, whi
h is 
onditioned by the inputs m and v. Denotegenerally by N (x; mx, σ2

x) the probability density fun
tion of a Gaussian random variable xhaving the mean mx and varian
e σ2
x. Then the 
onditional probability fun
tion (
pf) of thevariable s is p(s | m, v) = N (s; m, exp(−v)). As a generative model, the Gaussian node takesits mean input m and adds to it Gaussian noise (or innovation) with varian
e exp(−v).Variables 
an be latent or observed. Observing a variable means �xing its output s to thevalue in the data. Se
tion 4 is devoted to inferring the distribution over the latent variablesgiven the observed variables. Inferring the distribution over variables that are independent of

t is also 
alled learning.3.2 Computation nodesThe addition and multipli
ation nodes are used for summing and multiplying variables. Thesestandard mathemati
al operations are typi
ally used to 
onstru
t linear mappings between thevariables. This task is automated in the software, but in general, the nodes 
an be 
onne
tedin other ways, too. An addition node that has n inputs denoted by s1, s2, . . . , sn, gives the8
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ks for Variational Bayesian Learningsum of its inputs as the output ∑n
i=1 si. Similarly, the output of a multipli
ation node is theprodu
t of its inputs ∏n

i=1 si.A nonlinear 
omputation node 
an be used for 
onstru
ting nonlinear mappings betweenthe variable nodes. The nonlinearity
f(s) = exp(−s2) (9)is 
hosen be
ause the required expe
tations 
an be solved analyti
ally for it. Another im-plemented nonlinearity for whi
h the 
omputations 
an be 
arried out analyti
ally is the 
utfun
tion g(s) = max(s, 0). Other possible nonlinearities are dis
ussed in Se
tion 4.3.3.3 Delay nodeThe delay operation 
an be used to model dynami
s. The node operates on time-dependentsignals. It transforms the inputs s(1), s(2), . . . , s(T ) into outputs s0, s(1), s(2), . . . , s(T − 1)where s0 is a s
alar parameter that provides a starting distribution for the dynami
al pro
ess.The symbol z−1 in the rightmost sub�gure of Fig. 2 illustrating the delay node is the standardnotation for the unit delay in signal pro
essing and temporal neural networks (Haykin, 1998).Models 
ontaining the delay node are 
alled dynami
, and the other models are 
alled stati
.4. Variational Bayesian inferen
e in Bayes blo
ksIn this se
tion we give equations needed for 
omputation with the nodes introdu
ed in Se
-tion 3. Generally speaking, ea
h node propagates to the forward dire
tion a distribution ofits output given its inputs. In the ba
kward dire
tion, the dependen
y of the 
ost fun
tion(5) of the 
hildren on the output of their parent is propagated. These two potentials are
ombined to form the posterior distribution of ea
h variable. There is a dire
t analogy toBayes rule (1): the prior (forward) and the likelihood (ba
kward) are 
ombined to form theposterior distribution. We will show later on that the potentials in the two dire
tions are fullydetermined by a few values, whi
h 
onsist of 
ertain expe
tations over the distribution in theforward dire
tion, and of gradients of the 
ost fun
tion w.r.t. the same expe
tations in theba
kward dire
tion.In the following, we dis
uss in more detail the properties of ea
h node. Note that the delaynode does a
tually not pro
ess the signals, it just rewires them. Therefore no formulas areneeded for its asso
iated the expe
tations and gradients.4.1 Gaussian nodeRe
all the Gaussian node in Se
tion 3.1. The varian
e is parameterised using the exponentialfun
tion as exp(−v). This is be
ause then the mean 〈v〉 and expe
ted exponential 〈exp v〉 ofthe input v su�
e for evaluating the 
ost fun
tion, as will be shown shortly. Consequentlythe 
ost fun
tion 
an be minimised using the gradients with respe
t to these expe
tations.The gradients are 
omputed ba
kwards from the 
hildren nodes, but otherwise our learningmethod di�ers 
learly from standard ba
k-propagation (Haykin, 1998).Another important reason for using the parameterisation exp(−v) for the prior varian
e of aGaussian random variable s is that the posterior distribution of s then be
omes approximatelyGaussian, provided that the prior mean m of s is Gaussian, too (see for example Se
tion 7.1or Lappalainen and Miskin (2000)). The 
onjugate prior distribution of the inverse of theprior varian
e of a Gaussian random variable is the gamma distribution (Gelman et al., 1995).9
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h gamma prior pdf 
auses the posterior distribution to be gamma, too, whi
h ismathemati
ally 
onvenient. However, the 
onjugate prior pdf of the se
ond parameter ofthe gamma distribution is something quite intra
table. Hen
e gamma distribution is notsuitable for developing hierar
hi
al varian
e models. The logarithm of a gamma distributedvariable is approximately Gaussian distributed (Gelman et al., 1995), justifying the adoptedparameterisation exp(−v). However, it should be noted that both the gamma and exp(−v)distributions are used as prior pdfs mainly be
ause they make the estimation of the posteriorpdf mathemati
ally tra
table (Lappalainen and Miskin, 2000); one 
annot 
laim that eitherof these 
hoi
es would be 
orre
t.4.1.1 Cost fun
tionRe
all now that we are approximating the joint posterior pdf of the random variables s, m,and v in a maximally fa
torial manner. It then de
ouples into the produ
t of the individualdistributions: q(s, m, v) = q(s)q(m)q(v). Hen
e s, m, and v are assumed to be statisti
allyindependent a posteriori. The posterior approximation q(s) of the Gaussian variable s isde�ned to be Gaussian with mean s and varian
e s̃: q(s) = N (s; s, s̃). Utilising these, thepart Cp of the Kullba
k-Leibler 
ost fun
tion arising from the data, de�ned in Eq. (7), 
an be
omputed in 
losed form. For the Gaussian node of Figure 2, the 
ost be
omes
Cs,p = −〈ln p(s|m, v)〉 (10)

=
1

2

{
〈exp v〉

[
(s− 〈m〉)2 + Var {m}+ s̃

]
− 〈v〉+ ln 2π

} (11)The derivation is presented in Appendix B of Valpola and Karhunen (2002) using slightlydi�erent notation. For the observed variables, this is the only term arising from them to the
ost fun
tion CKL.However, latent variables 
ontribute to the 
ost fun
tion CKL also with the part Cq de�nedin Eq. (6), resulting from the expe
tation 〈ln q(s)〉. This term is
Cs,q =

∫

s

q(s) ln q(s)ds = −
1

2
[ln(2πs̃) + 1] (12)whi
h is the negative entropy of Gaussian variable with varian
e s̃. The parameters de�ningthe approximation q(s) of the posterior distribution of s, namely its mean s and varian
e s̃,are to be optimised during learning.The output of a latent Gaussian node trivially provides the mean and the varian
e: 〈s〉 = sand Var {s} = s̃. The expe
ted exponential 
an be easily shown to be (Lappalainen andMiskin, 2000; Valpola and Karhunen, 2002)

〈exp s〉 = exp(s + s̃/2) (13)The outputs of the nodes 
orresponding to the observations are known s
alar values insteadof distributions. Therefore for these nodes 〈s〉 = s, Var {s} = 0, and 〈exp s〉 = exp s. Animportant 
on
lusion of the 
onsiderations presented this far is that the 
ost fun
tion of aGaussian node 
an be 
omputed analyti
ally in a 
losed form. This requires that the posteriorapproximation is Gaussian and that the mean 〈m〉 and the varian
e Var {m} of the mean input
m as well as the mean 〈v〉 and the expe
ted exponential 〈exp v〉 of the varian
e input v 
anbe 
omputed. To summarise, we have shown that Gaussian nodes 
an be 
onne
ted togetherand their 
osts 
an be evaluated analyti
ally. 10
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ks for Variational Bayesian LearningWe will later on use derivatives of the 
ost fun
tion with respe
t to some expe
tations ofits mean and varian
e parents m and v as messages from 
hildren to parents. They are deriveddire
tly from Eq. (11), taking the form
∂Cs,p
∂ 〈m〉

= 〈exp v〉 (〈m〉 − s) (14)
∂Cs,p

∂Var {m}
=
〈exp v〉

2
(15)

∂Cs,p
∂ 〈v〉

= −
1

2
(16)

∂Cs,p
∂ 〈exp v〉

=
(s− 〈m〉)2 + Var {m}+ s̃

2
. (17)4.1.2 Updating the posterior distributionThe posterior distribution q(s) of a latent Gaussian node 
an be updated as follows.1. The distribution q(s) a�e
ts the terms of the 
ost fun
tion Cs arising from the variable

s itself, namely Cs,p and Cs,q, as well as the Cp terms of the 
hildren of s, denoted by
Cch(s),p. The gradients of the 
ost Cch(s),p with respe
t to 〈s〉, Var {s}, and 〈exp s〉 are
omputed a

ording to Equations (14�17).2. The terms in Cp whi
h depend on s and s̃ 
an be shown (see Appendix B.2) to be of theform 3

Cp = Cs,p + Cch(s),p = Ms + V [(s− s
urrent)2 + s̃] + E 〈exp s〉 , (18)where
M =

∂Cp
∂s

, V =
∂Cp
∂s̃

, and E =
∂Cp

∂ 〈exp s〉
. (19)3. The minimum of Cs = Cs,p + Cs,q + Cch(s),p is solved. This 
an be done analyti
ally if

E = 0, 
orresponding to the 
ase of so-
alled free-form solution (see Lappalainen andMiskin (2000) for details):
sopt = s
urrent − M

2V
, s̃opt =

1

2V
. (20)Otherwise the minimum is obtained iteratively. Iterative minimisation 
an be 
arried oute�
iently using Newton's method for the posterior mean s and a �xed-point iterationfor the posterior varian
e s̃. The minimisation pro
edure is dis
ussed in more detail inAppendix A.4.2 Addition and multipli
ation nodesConsider �rst the addition node. The mean, varian
e and expe
ted exponential of the outputof the addition node 
an be evaluated in a straightforward way. Assuming that the inputs si3. Note that 
onstants are dropped out sin
e they do not depend on s or es.11
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ally independent, these expe
tations are respe
tively given by
〈

n∑

i=1

si

〉
=

n∑

i=1

〈si〉 (21)
Var

{
n∑

i=1

si

}
=

n∑

i=1

Var {si} (22)
〈

exp

(
n∑

i=1

si

)〉
=

n∏

i=1

〈exp si〉 (23)The proof has been given in Appendix B.1.Consider then the multipli
ation node. Assuming independen
e between the inputs si, themean and the varian
e of the output take the form (see Appendix B.1)
〈

n∏

i=1

si

〉
=

n∏

i=1

〈si〉 (24)
Var

{
n∏

i=1

si

}
=

n∏

i=1

[
〈si〉

2 + Var {si}
]
−

n∏

i=1

〈si〉
2 (25)For the multipli
ation node the expe
ted exponential 
annot be evaluated without knowingthe exa
t distribution of the inputs.The formulas (21)�(25) are given for n inputs be
ause of generality, but in pra
ti
e wehave 
arried out the needed 
al
ulations pairwise. When using the general formula (25), thevarian
e might otherwise o

asionally take a small negative value due to minor impre
isionsappearing in the 
omputations. This problem does not arise in pairwise 
omputations. Now,the propagation in the forward dire
tion is 
overed.The form of the 
ost fun
tion propagating from 
hildren to parents is assumed to be of theform (18). This is true even in the 
ase, where there are addition and multipli
ation nodesin between (see Appendix B.2 for proof). Therefore only the gradients of the 
ost fun
tionwith respe
t to the di�erent expe
tations need to be propagated ba
kwards to identify thewhole 
ost fun
tion w.r.t. the parent. The required formulas are obtained in a straightforwardmanner from Eqs. (21)�(25). The gradients for the addition node are:

∂C

∂ 〈s1〉
=

∂C

∂ 〈s1 + s2〉
(26)

∂C

∂Var {s1}
=

∂C

∂Var {s1 + s2}
(27)

∂C

∂ 〈exp s1〉
= 〈exp s2〉

∂C

∂ 〈exp(s1 + s2)〉
. (28)For the multipli
ation node, they be
ome

∂C

∂ 〈s1〉
= 〈s2〉

∂C

∂ 〈s1s2〉
+ 2Var {s2}

∂C

∂Var {s1s2}
〈s1〉 (29)

∂C

∂Var {s1}
=
(
〈s2〉

2 + Var {s2}
) ∂C

∂Var {s1s2}
. (30)As a 
on
lusion, addition and multipli
ation nodes 
an be added between the Gaussian nodeswhose 
osts still retain the form (18). Proofs 
an be found in Appendi
es B.1 and B.2.12



Building Blo
ks for Variational Bayesian Learning4.3 Nonlinearity nodeA serious problem arising here is that for most nonlinear fun
tions it is impossible to 
omputethe required expe
tations analyti
ally. Here we des
ribe a parti
ular nonlinearity in detailand dis
uss the options for extending to other nonlinearities, for whi
h the implementation isunderway.Ghahramani and Roweis have shown (Ghahramani and Roweis, 1999) that for the nonlinearfun
tion f(s) = exp(−s2) in Eq. (9), the mean and varian
e have analyti
al expressions, to bepresented shortly, provided that it has Gaussian input. In our graphi
al network stru
turesthis 
ondition is ful�lled if we require that the nonlinearity must be inserted immediately aftera Gaussian node. The same type of exponential fun
tion (9) is frequently used in standardradial-basis fun
tion networks (Bishop, 1995; Haykin, 1998; Ghahramani and Roweis, 1999),but in a di�erent manner. There the exponential fun
tion depends on the Eu
lidean distan
efrom a 
enter point, while in our 
ase it depends on the input variable s dire
tly.The �rst and se
ond moments of the fun
tion (9) with respe
t to the distribution q(s) are(Ghahramani and Roweis, 1999)
〈f(s)〉 = exp

(
−

s2

2s̃ + 1

)
(2s̃ + 1)−

1

2 (31)
〈
[f(s)]2

〉
= exp

(
−

2s2

4s̃ + 1

)
(4s̃ + 1)−

1

2 (32)The formula (31) provides dire
tly the mean 〈f(s)〉, and the varian
e is obtained from (31)and (32) by applying the familiar formula Var {f(s)} =
〈
[f(s)]2

〉
− 〈f(s)〉2. The expe
tedexponential 〈exp f(s)〉 
annot be evaluated analyti
ally, whi
h limits somewhat the use of thenonlinear node.The updating of the nonlinear node following dire
tly a Gaussian node takes pla
e similarlyas the updating of a plain Gaussian node. The gradients of Cp with respe
t to 〈f(s)〉 and

Var {f(s)} are evaluated assuming that they arise from a quadrati
 term. This assumptionholds sin
e the nonlinearity 
an only propagate to the mean of Gaussian nodes. The updateformulas are given in Appendix C.Another possibility is to use as the nonlinearity the error fun
tion f(s) = ∫ s

−∞ exp(−r2)dr,be
ause its mean 
an be evaluated analyti
ally and varian
e approximated from above (Freyand Hinton, 1999). In
reasing the varian
e in
reases the value of the 
ost fun
tion, too, andhen
e it su�
es to minimise the upper bound of the 
ost fun
tion for �nding a good solution.Frey and Hinton (1999) apply the error fun
tion in MLP (multilayer per
eptron) networks(Bishop, 1995; Haykin, 1998) but in a manner di�erent from ours.Finally, Murphy (1999) has applied the hyperboli
 tangent fun
tion f(s) = tanh(s), ap-proximating it iteratively with a Gaussian. Honkela and Valpola (2005) approximate the samesigmoidal fun
tion with a Gauss-Hermite quadrature. This alternative 
ould be 
onsideredhere, too. A problem with it is, however, that the 
ost fun
tion (mean and varian
e) 
annotbe 
omputed analyti
ally.4.4 Other possible nodesOne of the authors has re
ently implemented two new variable nodes (Harva, 2004; Harva et al.,2005) into the Bayes Blo
ks software library. They are the mixture-of-Gaussians (MoG) nodeand the re
ti�ed Gaussian node. MoG 
an be used to model any su�
iently well behaving13



Raiko, Valpola, Harva, and KarhunenNode type 〈·〉 Var {·} 〈exp ·〉Gaussian node s s̃ (13)Addition node (21) (22) (23)Multipli
ation node (24) (25) -Nonlinearity (31) (31),(32) -Constant c 0 exp cTable 1: The forward messages or expe
tations that are provided by the output of di�er-ent types of nodes. The numbers in parentheses refer to de�ning equations. Themultipli
ation and nonlinearity 
annot provide the expe
ted exponential.distribution (Bishop, 1995). In the independent fa
tor analysis (IFA) method introdu
ed inAttias (1999), a MoG distribution was used for the sour
es, resulting in a probabilisti
 versionof independent 
omponent analysis (ICA) (Hyvärinen et al., 2001).The se
ond new node type, the re
ti�ed Gaussian variable, was introdu
ed in Miskin andMa
Kay (2001). By omitting negative values and retaining only positive ones of a variablewhi
h is originally Gaussian distributed, this blo
k allows modelling of variables having pos-itive values only. Su
h variables are 
ommonpla
e for example in digital image pro
essing,where the pi
ture elements (pixels) have always non-negative values. The 
ost fun
tions andupdate rules of the MoG and re
ti�ed Gaussian node have been derived in Harva (2004). Wepostpone a more detailed dis
ussion of these nodes to forth
oming papers to keep the lengthof this paper reasonable.In the early 
onferen
e paper (Valpola et al., 2001) where we introdu
ed the blo
ks for the�rst time, two more blo
ks were proposed for handling dis
rete models and variables. One ofthem is a swit
h, whi
h pi
ks up its k-th 
ontinuous valued input signal as its output signal.The other one is a dis
rete variable k, whi
h has a soft-max prior derived from the 
ontinuousvalued input signals ci of the node. However, we have omitted these two nodes from the presentpaper, be
ause their performan
e has not turned out to be adequate. The reason might bethat assuming all parents of all nodes independent is too restri
tive. For instan
e, building amixture-of-Gaussians from dis
rete and Gaussian variables with swit
hes is possible, but the
onstru
tion loses out to a spe
ialised MoG node that makes fewer assumptions. In (Raiko,2005), the dis
rete node is used without swit
hes.A
tion and utility nodes (Pearl, 1988; Murphy, 2001) would extend the library into de
isiontheory and 
ontrol. In addition to the messages about the variational Bayesian 
ost fun
tion,the network would propagate messages about utility. Raiko and Tornio (2005) des
ribe su
ha system in a slightly di�erent framework.5. Combining the nodesThe expe
tations provided by the outputs and required by the inputs of the di�erent nodesare summarised in Tables 1 and 2, respe
tively. One 
an see that the varian
e input of aGaussian node requires the expe
ted exponential of the in
oming signal. However, it 
annotbe 
omputed for the nonlinear and multipli
ation nodes. Hen
e all the nodes 
annot be
ombined freely.When 
onne
ting the nodes, the following restri
tions must be taken into a

ount:14



Building Blo
ks for Variational Bayesian LearningInput type ∂C
∂〈·〉

∂C
∂Var{·}

∂C
∂〈exp ·〉Mean of a Gaussian node (14) (15) 0Varian
e of a Gaussian node (16) 0 (17)Addendum (26) (27) (28)Fa
tor (29) (30) 0Table 2: The ba
kward messages or the gradients of the 
ost fun
tion w.r.t. 
ertain expe
-tations. The numbers in parentheses refer to de�ning equations. The gradients ofthe Gaussian node are derived from Eq. (11). The Gaussian node requires the 
or-responding expe
tations from its inputs, that is, 〈m〉, Var {m}, 〈v〉, and 〈exp v〉.Addition and multipli
ation nodes require the same type of input expe
tations thatthey are required to provide as output. Communi
ation of a nonlinearity with itsGaussian parent node is des
ribed in Appendix C.1. In general, the network has to be a dire
ted a
y
li
 graph (DAG). The delay nodes arean ex
eption be
ause the past values of any node 
an be the parents of any other nodes.This violation is not a real one in the sense that if the stru
ture were unfolded in time,the resulting network would again be a DAG.2. The nonlinearity must always be pla
ed immediately after a Gaussian node. This isbe
ause the output expe
tations, Equations (31) and (32), 
an be 
omputed only forGaussian inputs. The nonlinearity also breaks the general form of the likelihood (18).This is handled by using spe
ial update rules for the Gaussian followed by a nonlinearity(Appendix C).3. The outputs of multipli
ation and nonlinear nodes 
annot be used as varian
e inputs forthe Gaussian node. This is be
ause the expe
ted exponential 
annot be evaluated forthem. These restri
tions are evident from Tables 1 and 2.4. There should be only one 
omputational path from a latent variable to a variable. Oth-erwise, the independen
y assumptions used in Equations (11) and (22)�(25) are violatedand variational Bayesian learning be
omes more 
ompli
ated (re
all Figure 1).Note that the network may 
ontain loops, that is, the underlying undire
ted network 
anbe 
y
li
. Note also that the se
ond, third, and fourth restri
tions 
an be 
ir
umvented byinserting mediating Gaussian nodes. A mediating Gaussian node that is used as the varian
einput of another variable, is 
alled the varian
e sour
e and it is dis
ussed in the following.5.1 Nonstationary varian
eIn most 
urrently used models, only the means of Gaussian nodes have hierar
hi
al or dynam-i
al models. In many real-world situations the varian
e is not a 
onstant either but it is moredi�
ult to model it. For modelling the varian
e, too, we use the varian
e sour
e (Valpolaet al., 2004) depi
ted s
hemati
ally in Figure 3. Varian
e sour
e is a regular Gaussian nodewhose output u(t) is used as the input varian
e of another Gaussian node. Varian
e sour
e 
an
onvert predi
tion of the mean into predi
tion of the varian
e, allowing to build hierar
hi
alor dynami
al models for the varian
e. 15
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m v m

v s(t) w u(t) s(t)

Figure 3: Left: The Gaussian variable s(t) has a a 
onstant varian
e exp(−v) and mean m.Right: A varian
e sour
e is added for providing a non-
onstant varian
e input u(t)to the output (sour
e) signal s(t). The varian
e sour
e u(t) has a prior mean v andprior varian
e exp(−w).
Var{u(t)}=0
Var{u(t)}=1
Var{u(t)}=2

Figure 4: The distribution of s(t) is plotted when s(t) ∼ N (0, exp[−u(t)]) and u(t) ∼ N (0, ·).Note that when Var {u(t)} = 0, the distribution of s(t) is Gaussian. This 
orre-sponds to the right sub�gure of Fig. 3 when m = v = 0 and exp(−w) = 0, 1, 2.The output s(t) of a Gaussian node to whi
h the varian
e sour
e is atta
hed (see the rightsub�gure of Fig. 3) has in general a super-Gaussian distribution. Su
h a distribution is typi-
ally 
hara
terised by long tails and a high peak, and it is formally de�ned as having a positivevalue of kurtosis (see Hyvärinen et al. (2001) for a detailed dis
ussion). This property hasbeen proved for example in Parra et al. (2001), where it is shown that a nonstationary varian
e(amplitude) always in
reases the kurtosis. The output signal s(t) of the stationary Gaussianvarian
e sour
e depi
ted in the left sub�gure of Fig. 3 is naturally Gaussian distributed withzero kurtosis. The varian
e sour
e is useful in modelling natural signals su
h as spee
h andimages whi
h are typi
ally super-Gaussian, and also in modelling outliers in the observations.5.2 Linear independent fa
tor analysisIn many instan
es there exist several nodes whi
h have quite similar role in the 
hosen stru
-ture. Assuming that ith su
h node 
orresponds to a s
alar variable yi, it is 
onvenient touse the ve
tor y = (y1, y2, . . . , yn)T to jointly denote all the 
orresponding s
alar variables
y1, y2, . . . , yn. This notation is used in Figures 5 and 6 later on. Hen
e we represent the s
alarsour
e nodes 
orresponding to the variables si(t) using the sour
e ve
tor s(t), and the s
alarnodes 
orresponding to the observations xi(t) using the observation ve
tor x(t).16
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A

u(t) s(t)

x(t)

A

s(t)

x(t)Figure 5: Model stru
tures for linear fa
tor analysis (FA) (left) and independent fa
tor anal-ysis (IFA) (right).The addition and multipli
ation nodes 
an be used for building an a�ne transformation
x(t) = As(t) + a + nx(t) (33)from the Gaussian sour
e nodes s(t) to the Gaussian observation nodes x(t). The ve
tor

a denotes the bias and ve
tor nx(t) denotes the zero-mean Gaussian noise in the Gaussiannode x(t). This model 
orresponds to standard linear fa
tor analysis (FA) assuming that thesour
es si(t) are mutually un
orrelated; see for example (Hyvärinen et al., 2001).If instead of Gaussianity it is assumed that ea
h sour
e si(t) has some non-Gaussian prior,the model (33) des
ribes linear independent fa
tor analysis (IFA). Linear IFA was introdu
edby Attias (1999), who used variational Bayesian learning for estimating the model ex
ept forsome parts whi
h he estimated using the expe
tation-maximisation (EM) algorithm. Attiasused a mixture-of-Gaussians sour
e model, but another option is to use the varian
e sour
eto a
hieve a super-Gaussian sour
e model. Figure 5 depi
ts the model stru
tures for linearfa
tor analysis and independent fa
tor analysis.5.3 A hierar
hi
al varian
e modelFigure 6 (right sub�gure) presents a hierar
hi
al model for the varian
e, and also shows how it
an be 
onstru
ted by �rst learning simpler stru
tures shown in the left and middle sub�guresof Fig. 6. This is ne
essary, be
ause learning a hierar
hi
al model having di�erent types ofnodes from s
rat
h in a 
ompletely unsupervised manner would be too demanding a task,ending quite probably into an unsatisfa
tory lo
al minimum.The �nal rightmost varian
e model in Fig. 6 is somewhat involved in that it 
ontains bothnonlinearities and hierar
hi
al modelling of varian
es. Before going into its mathemati
aldetails and into the two simpler models in Fig. 6, we point out that we have 
onsidered inour earlier papers related but simpler blo
k models. In Valpola et al. (2003
), a hierar
hi
alnonlinear model for the data x(t) is dis
ussed without modelling the varian
e. Su
h a model
an be applied for example to nonlinear ICA or blind sour
e separation. Experimental results(Valpola et al., 2003
) show that this blo
k model performs adequately in the nonlinear BSSproblem, even though the results are slightly poorer than for our earlier 
omputationallymore demanding model (Lappalainen and Honkela, 2000; Valpola et al., 2003b; Honkela andValpola, 2005) with multiple 
omputational paths.17



Raiko, Valpola, Harva, and Karhunen

A
11B

x(t)

x(t)

u (t)

u (t)

u (t) s (t)

1

2 2

1

2

1 1

2

u (t)

B

B A

A

u (t)

2

u (t)

s (t)2

s (t)3

x(t)1

3

Figure 6: Constru
tion of a hierar
hi
al varian
e model in stages from simpler models. Left: Inthe beginning, a varian
e sour
e is atta
hed to ea
h Gaussian observation node. Thenodes represent ve
tors. Middle: A layer of sour
es with varian
e sour
es atta
hedto them is added. They layers are 
onne
ted through a nonlinearity and an a�nemapping. Right: Another layer is added on the top to form the �nal hierar
hi
alvarian
e model.In another paper (Valpola et al., 2004), we have 
onsidered hierar
hi
al modelling of vari-an
e using the blo
k approa
h without nonlinearities. Experimental results on biomedi
alMEG (magnetoen
ephalography) data demonstrate the usefulness of hierar
hi
al modelling ofvarian
es and existen
e of varian
e sour
es in real-world data.Learning starts from the simple stru
ture shown in the left sub�gure of Fig. 6. There avarian
e sour
e is atta
hed to ea
h Gaussian observation node. The nodes represent ve
tors,with u1(t) being the output ve
tor of the varian
e sour
e and x(t) the tth observation (data)ve
tor. The ve
tors u1(t) and x(t) have the same dimension, and ea
h 
omponent of thevarian
e ve
tor u1(t) models the varian
e of the respe
tive 
omponent of the observationve
tor x(t).Mathemati
ally, this simple �rst model obeys the equations
x(t) = a1 + nx(t) (34)

u1(t) = b1 + nu1
(t) (35)Here the ve
tors a1 and b1 denote the 
onstant means (bias terms) of the data ve
tor x(t) andthe varian
e variable ve
tor u1(t), respe
tively. The additive �noise� ve
tor nx(t) determinesthe varian
es of the 
omponents of x(t). It has a Gaussian distribution with a zero mean andvarian
e exp[−u1(t)]:

nx(t) ∼ N (0, exp[−u1(t)]) (36)More pre
isely, the shorthand notation N (0, exp[−u1(t)]) means that ea
h 
omponent of nx(t)is Gaussian distributed with a zero mean and varian
e de�ned by the respe
tive 
omponentof the ve
tor exp[−u1(t)]. The exponential fun
tion exp(·) is applied separately to ea
h18
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omponent of the ve
tor −u1(t). Similarly,
nu1

(t) ∼ N (0, exp [−v1]) (37)where the 
omponents of the ve
tor v1 de�ne the varian
es of the zero mean Gaussian variables
nu1

(t).Consider then the intermediate model shown in the middle sub�gure of Fig. 6. In thisse
ond learning stage, a layer of sour
es with varian
e sour
es atta
hed to them is added.These sour
es are represented by the sour
e ve
tor s2(t), and their varian
es are given bythe respe
tive 
omponents of the varian
e ve
tor u2(t) quite similarly as in the left sub�gure.The (ve
tor) node between the sour
e ve
tor s2(t) and the varian
e ve
tor u1(t) representsan a�ne transformation with a transformation matrix A1 in
luding a bias term. Hen
e theprior mean inputted to the Gaussian varian
e sour
e having the output u1(t) is of the form
B1f(s2(t)) + b1, where b1 is the bias ve
tor, and f(·) is a ve
tor of 
omponentwise nonlinearfun
tions (9). Quite similarly, the ve
tor node between s2(t) and the observation ve
tor x(t)yields as its output the a�ne transformation A1f(s2(t)) + a1, where a1 is a bias ve
tor. Thisin turn provides the input prior mean to the Gaussian node modelling the observation ve
tor
x(t).The mathemati
al equations 
orresponding to the model represented graphi
ally in themiddle sub�gure of Fig. 6 are:

x(t) = A1f(s2(t)) + a1 + nx(t) (38)
u1(t) = B1f(s2(t)) + b1 + nu1

(t) (39)
s2(t) = a2 + ns2

(t) (40)
u2(t) = b2 + nu2

(t) (41)Compared with the simplest model (34)�(35), one 
an observe that the sour
e ve
tor s2(t)of the se
ond (upper) layer and the asso
iated varian
e ve
tor u2(t) are of quite similar form,given in Eqs. (40)�(41). The models (38)�(39) of the data ve
tor x(t) and the asso
iatedvarian
e ve
tor u1(t) in the �rst (bottom) layer di�er from the simple �rst model (34)�(35) inthat they 
ontain additional terms A1f(s2(t)) and B1f(s2(t)), respe
tively. In these terms, thenonlinear transformation f(s2(t)) of the sour
e ve
tor s2(t) 
oming from the upper layer havebeen multiplied by the linear mixing matri
es A1 and B1. All the �noise� terms nx(t), nu1
(t),

ns2
(t), and nu2

(t) in Eqs. (38)�(41) are modelled by similar zero mean Gaussian distributionsas in Eqs. (36) and (37).In the last stage of learning, another layer is added on the top of the network shown inthe middle sub�gure of Fig. 6. The resulting stru
ture is shown in the right sub�gure. Theadded new layer is quite similar as the layer added in the se
ond stage. The prior varian
esrepresented by the ve
tor u3(t) model the sour
e ve
tor s3(t), whi
h is turn a�e
ts via thea�ne transformation B2f(s3(t)) + b2 to the mean of the mediating varian
e node u2(t). Thesour
e ve
tor s3(t) provides also the prior mean of the sour
e s2(t) via the a�ne transformation
A2f(s3(t)) + a2.The model equations (38)�(39) for the data ve
tor x(t) and its asso
iated varian
e ve
tor
u1(t) remain the same as in the intermediate model shown graphi
ally in the middle sub�gureof Fig. 6. The model equations of the se
ond and third layer sour
es s2(t) and s3(t) as well astheir respe
tive varian
e ve
tors u2(t) and u3(t) in the rightmost sub�gure of Fig. 6 are given19
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s2(t) = A2f(s3(t)) + a2 + ns2

(t) (42)
u2(t) = B2f(s3(t)) + b2 + nu2

(t) (43)
s3(t) = a3 + ns3

(t) (44)
u3(t) = b3 + nu3

(t) (45)Again, the ve
tors a2, b2, a3, and b3 represent the 
onstant means (biases) in their respe
tivemodels, and A2 and B2 are mixing matri
es with mat
hing dimensions. The ve
tors ns2
(t),

nu2
(t), ns3

(t), and nu3
(t) have similar zero mean Gaussian distributions as in Eqs. (36) and(37).It should be noted that in the resulting network the number of s
alar-valued nodes (sizeof the layers) 
an be di�erent for di�erent layers. Additional layers 
ould be appended in thesame manner. The �nal network of the right sub�gure in Fig. 6 utilises varian
e nodes inbuilding a hierar
hi
al model for both the means and varian
es. Without the varian
e sour
esthe model would 
orrespond to a nonlinear model with latent variables in the hidden layer. Asalready mentioned, we have 
onsidered su
h a nonlinear hierar
hi
al model in Valpola et al.(2003
). Note that 
omputation nodes as hidden nodes would result in multiple paths fromthe latent variables of the upper layer to the observations. This type of stru
ture was used inLappalainen and Honkela (2000), and it has a quadrati
 
omputational 
omplexity as opposedto linear one of the networks in Figure 6.5.4 Linear dynami
 models for the sour
es and varian
esSometimes it is useful to 
omplement the linear fa
tor analysis model

x(t) = As(t) + a + nx(t) (46)with a re
ursive one-step predi
tion model for the sour
e ve
tor s(t):
s(t) = Bs(t− 1) + b + ns(t) (47)The noise term ns(t) is 
alled the innovation pro
ess. The dynami
 model of the type (46), (47)is used for example in Kalman �ltering (Haykin, 1998, 2001), but other estimation algorithms
an be applied as well (Haykin, 1998). The left sub�gure in Fig. 7 depi
ts the stru
ture arisingfrom Eqs. (46) and (47), built from the blo
ks.A straightforward extension is to use varian
e sour
es for the sour
es to make the inno-vation pro
ess super-Gaussian. The varian
e signal u(t) 
hara
terises the innovation pro
essof s(t), in e�e
t telling how mu
h the signal di�ers from the predi
ted one but not in whi
hdire
tion it is 
hanging. The graphi
al model of this extension is depi
ted in the middle sub-�gure of Fig. 7. The mathemati
al equations des
ribing this model 
an be written in a similarmanner as for the hierar
hi
al varian
e models in the previous subse
tion.Another extension is to model the varian
e sour
es dynami
ally by using one-step re
ursivepredi
tion model for them:
u(t) = Cu(t− 1) + c + nu(t). (48)This model is depi
ted graphi
ally in the rightmost sub�gure of Fig. 7. In 
ontext with it, weuse the simplest possible identity dynami
al mapping for s(t):

s(t) = s(t− 1) + ns(t). (49)20
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Figure 7: Three model stru
tures. A linear Gaussian state-spa
e model (left); the same model
omplemented with a super-Gaussian innovation pro
ess for the sour
es (middle);and a dynami
 model for the varian
es of the sour
es whi
h also have a re
urrentdynami
 model (right).The latter two models introdu
ed in this subse
tion will be tested experimentally later on inthis paper.5.5 Hierar
hi
al priorsIt is often desirable that the priors of the parameters should not be too restri
tive. A 
ommontype of a vague prior is the hierar
hi
al prior (Gelman et al., 1995). For example the priorsof the elements aij of a mixing matrix A 
an be de�ned via the Gaussian distributions
p(aij | v

a
i ) = N (aij ; 0, exp(−va

i )) (50)
p(va

i | m
va, vva) = N (va

i ; mva, exp(−vva)) . (51)Finally, the priors of the quantities mva and vva have �at Gaussian distributionsN (·; 0, 100)(the 
onstants depending on the s
ale of the data). When going up in the hierar
hy, we usethe same distribution for ea
h 
olumn of a matrix and for ea
h 
omponent of a ve
tor. On thetop, the number of required 
onstant priors is small. Thus very little information is providedand needed a priori. This kind of hierar
hi
al priors are used in the experiments later on thispaper.6. LearningLet us now dis
uss the overall learning pro
edure, des
ribing also brie�y how problems relatedwith learning 
an be handled. 21



Raiko, Valpola, Harva, and Karhunen6.1 Updating of the networkThe nodes of the network 
ommuni
ate with their parents and 
hildren by providing 
ertainexpe
tations in the feedforward dire
tion (from parents to 
hildren) and gradients of the 
ostfun
tion with respe
t to the same expe
tations in the feedba
k dire
tion (from 
hildren toparents). These expe
tations and gradients are summarised in Tables 1 and 2.The basi
 element for updating the network is the update of a single node assuming therest of the network �xed. For 
omputation nodes this is simple: ea
h time when a 
hildnode asks for expe
tations and they are out of date, the 
omputational node asks from itsparents for their expe
tations and updates its own ones. And vi
e versa: when parents askfor gradients and they are out of date, the node asks from its 
hildren for the gradients andupdates its own ones. These updates have analyti
al formulas given in Se
tion 4.For a variable node to be updated, the input expe
tations and output gradients need tobe up-to-date. The posterior approximation q(s) 
an then be adjusted to minimise the 
ostfun
tion as explained in Se
tion 4. The minimisation is either analyti
al or iterative, dependingon the situation. Signals propagating outwards from the node (the output expe
tations andthe input gradients) of a variable node are fun
tions of q(s) and are thus updated in thepro
ess. Ea
h update is guaranteed not to in
rease the 
ost fun
tion.One sweep of updating means updating ea
h node on
e. The order in whi
h this is done isnot 
riti
al for the system to work. It would not be useful to update a variable twi
e withoutupdating some of its neighbours in between, but that does not happen with any ordering whenupdates are done in sweeps. We have used an ordering where ea
h variable node is updatedonly after all of its des
endants have been updated. Basi
ally when a variable node is updated,its input gradients and output expe
tations are labeled as outdated and they are updated onlywhen another node asks for that information.It is possible to use di�erent measures to improve the learning pro
ess. Measures foravoiding lo
al minima are des
ribed in the next subse
tion. Another enhan
ement 
an be usedfor speeding up learning. The basi
 idea is that after some time, the parameters des
ribing
q(s) are 
hanging fairly linearly between 
onse
utive sweeps. Therefore a line sear
h in thatdire
tion provides faster learning, as dis
ussed in (Honkela, 2002; Honkela et al., 2003). Weapply this line sear
h only at every tenth sweep for allowing the 
onse
utive updates to be
omefairly linear again.Learning a model typi
ally takes thousands of sweeps before 
onvergen
e. The 
ost fun
-tion de
reases monotoni
ally after every update. Typi
ally this de
rease gets smaller withtime, but not always monotoni
ally. Therefore 
are should be taken in sele
ting the stopping
riterion. We have 
hosen to stop the learning pro
ess when the de
rease in the 
ost duringthe previous 200 sweeps is lower than some prede�ned threshold.6.2 Stru
tural learning and lo
al minimaThe 
hosen model has a pre-spe
i�ed stru
ture whi
h, however, has some �exibility. The num-ber of nodes is not �xed in advan
e, but their optimal number is estimated using variationalBayesian learning, and unne
essary 
onne
tions 
an be pruned away.A fa
torial posterior approximation, whi
h is used in this paper, often leads to automati
pruning of some of the 
onne
tions in the model. When there is not enough data to estimate allthe parameters, some dire
tions remain ill-determined. This 
auses the posterior distributionalong those dire
tions to be roughly equal to the prior distribution. In variational Bayesianlearning with a fa
torial posterior approximation, the ill-determined dire
tions tend to get22
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ks for Variational Bayesian Learningaligned with the axes of the parameter spa
e be
ause then the fa
torial approximation is mosta

urate.The pruning tenden
y makes it easy to use for instan
e sparsely 
onne
ted models, be
ausethe learning algorithm automati
ally sele
ts a small amount of well-determined parameters.But at the early stages of learning, pruning 
an be harmful, be
ause large parts of the model
an get pruned away before a sensible representation has been found. This 
orresponds tothe situation where the learning s
heme ends up into a lo
al minimum of the 
ost fun
tion(Ma
Kay, 2001). A posterior approximation whi
h takes into a

ount the posterior depen-den
es has the advantage that it has far less lo
al minima than a fa
torial posterior approxi-mation. It seems that Bayesian learning algorithms whi
h have linear time 
omplexity 
annotavoid lo
al minima in general.However, suitable 
hoi
es of the model stru
ture and 
ountermeasures in
luded in thelearning s
heme 
an alleviate the problem greatly. We have used the following means foravoiding getting stu
k into lo
al minima:
• Learning takes pla
e in several stages, starting from simpler stru
tures whi
h are learned�rst before pro
eeding to more 
ompli
ated hierar
hi
 stru
tures. An example of thiste
hnique was presented in Se
tion 5.3.
• New parts of the network are initialised appropriately. One 
an use for instan
e prin
ipal
omponent analysis (PCA), independent 
omponent analysis (ICA), ve
tor quantisation,or kernel PCA (Honkela et al., 2004). The best option depends on the appli
ation. Oftenit is useful to try di�erent methods and sele
t the one providing the smallest value of the
ost fun
tion for the learned model. There are two ways to handle initialisation: eitherto �x the sour
es for a while and learn the weights of the model, or to �x the weightsfor a while and learn the sour
es 
orresponding to the observations. The �xed variables
an be released gradually (see Se
tion 5.1 of Valpola et al. (2003
)).
• Automati
 pruning is dis
ouraged initially by omitting the term

2Var {s2}
∂C

∂Var {s1s2}
〈s1〉in the multipli
ation nodes (Eq. (29)). This e�e
tively means that the mean of s1 isoptimisti
ally adjusted as if there were no un
ertainty about s2. In this way the 
ostfun
tion may in
rease at �rst due to overoptimism, but it may pay o� later on byes
aping early pruning.

• New sour
es si(t) (
omponents of the sour
e ve
tor s(t) of a layer) are generated, andpruned sour
es are removed from time to time.
• The a
tivations of the sour
es are reset a few times. The sour
es are re-adjusted to theirpla
es while keeping the mapping and other parameters �xed. This often helps if someof the sour
es are stu
k into a lo
al minimum.7. Experimental resultsThe Bayes Blo
ks software (Valpola et al., 2003a) has been applied to several problems.Valpola et al. (2004) 
onsidered several models of varian
e. The main appli
ation was theanalysis of MEG measurements from a human brain. In addition to features 
orresponding23
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tivity the data 
ontained several artifa
ts su
h as mus
le a
tivity indu
ed by thepatient biting his teeth. Linear ICA applied to the data was able to separate the original
auses to some degree but still many dependen
ies remained between the sour
es. Hen
ean additional layer of so-
alled varian
e sour
es was used to �nd 
orrelations between thevarian
es of the innovation pro
esses of the ordinary sour
es. These were able to 
apturephenomena related to the biting artifa
t as well as to rhythmi
 a
tivity.An astrophysi
al problem of separating young and old star populations from a set ofellipti
al galaxy spe
tra has been studied by one of the authors in Nolan et al. (2005). Sin
ethe observed quantities are energies and thus positive and sin
e the mixing pro
ess is alsoknown to be positive, it is ne
essary for the subsequent astrophysi
al analysis to be feasible toin
lude these 
onstraints to the model as well. The standard te
hnique of putting a positiveprior on the sour
es was found to have the unfortunate te
hni
al short
oming of indu
ingsparsely distributed fa
tors, whi
h was deemed inappropriate in that spe
i�
 appli
ation. Toget rid of the indu
ed sparsity but to still keep the positivity 
onstraint, the nonnegativitywas for
ed by re
ti�
ation nonlinearities (Harva and Kabán, 2005). In addition to �nding anastrophysi
ally meaningful fa
torisation, several other spe
i�
ations were needed to be metrelated to handling of missing values, measurements errors and predi
tive 
apabilities of themodel.In Raiko (2005), a nonlinear model for relational data is applied to the analysis of theboardgame Go. The di�
ult part of the game state evaluation is to determine whi
h groupsof stones are likely to get 
aptured. A model similar to the one that will be des
ribed inSe
tion 7.2, is built for features of pairs of groups, in
luding the probability of getting 
aptured.When the learned model is applied to new game states, the estimates propagate through anetwork of su
h pairs. The stru
ture of the network is thus determined by the game state.The approa
h 
an be used for inferen
e in relational databases.The following three sets of experiments are given as additional examples. The �rst one is adi�
ult toy problem that illustrates hierar
hy and varian
e modelling, the se
ond one studiesthe inferen
e of missing values in spee
h spe
tra, and the third one has a dynami
al modelfor image sequen
es.7.1 Bars problemThe �rst experimental problem studied was testing of the hierar
hi
al nonlinear varian
emodel in Figure 6 in an extension of the well-known bars problem (Dayan and Zemel, 1995).The data set 
onsisted of 1000 image pat
hes ea
h having 6× 6 pixels. They 
ontained bothhorizontal and verti
al bars. In addition to the regular bars, the problem was extended toin
lude horizontal and verti
al varian
e bars, 
hara
terized and manifested by their highervarian
e. Samples of the image pat
hes used are shown in Figure 8.The data were generated by �rst 
hoosing whether verti
al, horizontal, both, or neitherorientations were a
tive, ea
h with probability 1/4. Whenever an orientation is a
tive, there isa probability 1/3 for a bar in ea
h row or 
olumn to be a
tive. For both orientations, there are6 regular bars, one for ea
h row or 
olumn, and 3 varian
e bars whi
h are 2 rows or 
olumnswide. The intensities (grey level values) of the bars were drawn from a normalised positiveexponential distribution having the pdf p(z) = exp(−z), z ≥ 0, p(z) = 0, z < 0. Regular barsare additive, and varian
e bars produ
e additive Gaussian noise having the standard deviationof its intensity. Finally, Gaussian noise with a standard deviation 0.1 was added to ea
h pixel.24
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Figure 8: Samples from the 1000 image pat
hes used in the extended bars problem. The barsin
lude both standard and varian
e bars in horizontal and verti
al dire
tions. Forinstan
e, the pat
h at the bottom left 
orner shows the a
tivation of a standardhorizontal bar above the horizontal varian
e bar in the middle.The network was built up following the stages shown in Figure 6. It was initialised with asingle layer with 36 nodes 
orresponding to the 36 dimensional data ve
tor. The se
ond layerof 30 nodes was 
reated at the sweep 20, and the third layer of 5 nodes at the sweep 100. After
reating a layer only its sour
es were updated for 10 sweeps, and pruning was dis
ouraged for50 sweeps. New nodes were added twi
e, 3 to the se
ond layer and 2 to the third layer, atsweeps 300 and 400. After that, only the sour
es were updated for 5 sweeps, and pruning wasagain dis
ouraged for 50 sweeps. The sour
e a
tivations were reset at the sweeps 500, 600 and700, and only the sour
es were updated for the next 40 sweeps. Dead nodes were removedevery 20 sweeps. The multistage training pro
edure was designed to avoid suboptimal lo
alsolutions, as dis
ussed in Se
tion 6.2.Figure 9 demonstrates that the algorithm �nds a generative model that is quite similarto the generation pro
ess. The two sour
es on the third layer 
orrespond to the horizontaland verti
al orientations and the 18 sour
es on the se
ond layer 
orrespond to the bars. Ea
helement of the weight matri
es is depi
ted as a pixel with the appropriate grey level valuein Fig. 9. The pixels of A2 and B2 are ordered similarly as the pat
hes of A1 and B1, thatis, verti
al bars on the left and horizontal bars on the right. Regular bars, present in themixing matrix A1, are re
onstru
ted a

urately, but the varian
e bars in the mixing matrix
B1 exhibit some noise. The distin
tion between horizontal and verti
al orientations is 
learlyvisible in the mixing matrix A2.A 
omparison experiment with a simpli�ed learning pro
edure was run to demonstrate theimportan
e of lo
al optima. The 
reation and pruning of layers were done as before, but othermethods for avoiding lo
al minima (addition of nodes, dis
ouraging pruning and resetting ofsour
es) were disabled. The resulting weights 
an be seen in Figure 10. This time the learningends up in a suboptimal lo
al optimum of the 
ost fun
tion. One of the bars was not found(se
ond horizontal bar from the bottom), some were mixed up in a same sour
e (most varian
ebars share a sour
e with a regular bar), fourth verti
al bar from the left appears twi
e, and oneof the sour
es just suppresses varian
e everywhere. The resulting 
ost fun
tion (5) is worseby 5292 
ompared to the main experiment. The ratio of the model eviden
es is thus roughly
exp(5292). 25
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Figure 9: Results of the extended bars problem: Posterior means of the weight matri
es afterlearning. The sour
es of the se
ond layer have been ordered for visualisation pur-poses a

ording to the weight (mixing) matri
es A2 and B2. The elements of thematri
es have been depi
ted as pixels having 
orresponding grey level values. The18 pixels in the weight matri
es A2 and B2 
orrespond to the 18 pat
hes in theweight matri
es A1 and B1.
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Figure 10: Left: Cost fun
tion plotted against the number of learning sweeps. Solid 
urveis the main experiment and the dashed 
urve is the 
omparison experiment. Thepeaks appear when nodes are added. Right: The resulting weights in the 
ompar-ison experiment are plotted like in Figure 9.Figure 11 illustrates the formation of the posterior distribution of a typi
al single variable.It is the �rst 
omponent of the varian
e sour
e u1(1) in the 
omparison experiment. The priormeans here the distribution given its parents (espe
ially s2(1) and B1) and the likelihood26
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Figure 11: A typi
al example illustrating the posterior approximation of a varian
e sour
e.means the potential given its 
hildren (the �rst 
omponent of x(1)). Assuming the posteriorsof other variables a

urate, we 
an plot the true posterior of this variable and 
ompare it tothe Gaussian posterior approximation. Their di�eren
e is only 0.007 measured by Kullba
k-Leibler divergen
e.7.2 Missing values in spee
h spe
traIn hierar
hi
al nonlinear fa
tor analysis (HNFA) (Valpola et al., 2003
), there are a numberof layers of Gaussian variables, the bottom-most layer 
orresponding to the data. There is anonlinearity and a linear mixture mapping from ea
h layer to all the layers below it.HNFA resembles the model stru
ture in Se
tion 5.3. The model stru
ture is depi
ted inthe left sub�gure of Fig. 12. Model equations are
h(t) = As(t) + a + nh(t) (52)
x(t) = Bφ[h(t)] + Cs(t) + b + nx(t) , (53)where nh(t) and nx(t) are Gaussian noise terms and the nonlinearity φ(ξ) = exp(−ξ2) againoperates on ea
h element of its argument ve
tor separately. Note that we have in
luded ashort-
ut mapping C from sour
es to observations. This means that hidden nodes only needto model the deviations from linearity.HNFA is 
ompared against three other methods. Fa
tor analysis (FA) is a linear methoddes
ribed in Se
tion 5.2. It is a spe
ial 
ase of HNFA where the dimensionality of h(t) is zero.Nonlinear fa
tor analysis (NFA) (Lappalainen and Honkela, 2000; Honkela and Valpola, 2005)di�ers from HNFA in that it does not use mediating variables h(t):
x(t) = B tanh[As(t) + a] + b + nx(t). (54)Note that NFA has multiple 
omputational paths between s(t) and x(t), whi
h leads to ahigher 
omputational 
omplexity 
ompared to HNFA.The self-organising map SOM (Kohonen, 2001) di�ers most from the other methods. Are
tangular map has a number of map units with asso
iated model ve
tors that are points inthe data spa
e. Ea
h data point is mat
hed to the 
losest map unit. The model ve
tors of thebest-mat
hing unit and its neighbours in the map are moved slightly towards the data point.See Kohonen (2001); Haykin (1998) for details.27
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Figure 12: Left: The model stru
ture for hierar
hi
al nonlinear fa
tor analysis (HNFA). Right:Some spee
h data with and without missing values (Setting 1) and the re
onstru
-tion given by HNFA.The data set 
onsisted of spee
h spe
trograms from several Finnish subje
ts. Short termspe
tra were windowed to 30 dimensions with a standard prepro
essing pro
edure for spee
hre
ognition. It is 
lear that a dynami
 sour
e model would give better re
onstru
tions, but inthis 
ase the temporal information was left out to ease the 
omparison of the models. Half ofthe about 5000 samples were used as test data with some missing values. Missing values wereset in four di�erent ways to measure di�erent properties of the algorithms (Figure 13):1. 38 per
ent of the values are set to miss randomly in 4 × 4 pat
hes. (Right sub�gure ofFigure 12)2. Training and testing sets are randomly permuted before setting missing values in 4× 4pat
hes as in Setting 1.3. 10 per
ent of the values are set to miss randomly independent of any neighbours. Thisis an easier setting, sin
e simple smoothing using nearby values would give �ne re
on-stru
tions.4. Training and testing sets are permuted and 10 per
ent of the values are set to missindependently of any neighbours.We tried to optimise ea
h method and in the following, we des
ribe how we got the bestresults. The self-organising map was run using the SOM Toolbox (Vesanto et al., 1999)with long learning time, 2500 map units and random initialisations. In other methods, theoptimisation was based on minimising the 
ost fun
tion or its approximation. NFA was learnedfor 5000 sweeps through data using a Matlab implementation. Varying number of sour
es weretried out and the best ones were used as the result. The optimal number of sour
es was around12 to 15 and the size used for the hidden layer was 30. A large enough number should do,sin
e the algorithm 
an e�e
tively prune out parts that are not needed.28
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Figure 13: Four di�erent experimental settings with the spee
h data used for measuring dif-ferent properties of the algorithms.In fa
tor analysis (FA), the number of sour
es was 28. In hierar
hi
al nonlinear fa
toranalysis (HNFA), the number of sour
es at the top layer was varied and the best runs a

ordingto the 
ost fun
tion were sele
ted. In those runs, the size of the top layer varied from 6 to12 and the size of the middle layer, whi
h is determined during learning, turned out to varyfrom 12 to 30. HNFA was run for 5000 sweeps through data. Ea
h experiment with NFA orHNFA took about 8 hours of pro
essor time, while FA and SOM were faster.Several runs were 
ondu
ted with di�erent random initialisations but with the same dataand the same missing value pattern for ea
h setting and for ea
h method. The number of runsin ea
h 
ell is about 30 for HNFA, 4 for NFA and 20 for the SOM. FA always 
onverges to thesame solution. The mean and the standard deviation of the mean square re
onstru
tion errorare: FA HNFA NFA SOMSetting 1 1.87 1.80± 0.03 1.74± 0.02 1.69± 0.02Setting 2 1.85 1.78± 0.03 1.71± 0.01 1.55± 0.01Setting 3 0.57 0.55± .005 0.56± .002 0.86± 0.01Setting 4 0.58 0.55± .008 0.58± .004 0.87± 0.01The order of results of the Setting 1 follow our expe
tations on the nonlinearity of themodels. The SOM with highest nonlinearity gives the best re
onstru
tions, while NFA, HNFAand �nally FA follow in that order. The results of HNFA vary the most - there is potential todevelop better learning s
hemes to �nd better solutions more often. The sour
es h(t) of thehidden layer did not only emulate 
omputation nodes, but they were also a
tive themselves.Avoiding this situation during learning 
ould help to �nd more nonlinear and thus perhapsbetter solutions.In the Setting 2, due to the permutation, the test set 
ontains ve
tors very similar to somein the training set. Therefore, generalisation is not as important as in the Setting 1. TheSOM is able to memorise details 
orresponding to individual samples better due to its highnumber of parameters. Compared to the Setting 1, SOM bene�ts a lot and makes 
learly thebest re
onstru
tions, while the others bene�t only marginally.The Settings 3 and 4, whi
h require a

urate expressive power in high dimensionality,turned out not to di�er from ea
h other mu
h. The basi
 SOM has only two intrinsi
 dimen-29



Raiko, Valpola, Harva, and Karhunensions4 and therefore it was 
learly poorer in a

ura
y. Nonlinear e�e
ts were not important inthese settings, sin
e HNFA and NFA were only marginally better than FA. HNFA was betterthan NFA perhaps be
ause it had more latent variables when 
ounting both s(t) and h(t).To 
on
lude, HNFA lies between FA and NFA in performan
e. HNFA is appli
able tohigh dimensional problems and the middle layer 
an model part of the nonlinearity withoutin
reasing the 
omputational 
omplexity dramati
ally. FA is better than SOM when expres-sivity in high dimensions is important, but SOM is better when nonlinear e�e
ts are moreimportant. The extensions of FA, NFA and HNFA, expe
tedly performed better than FAin ea
h setting. It may be possible to enhan
e the performan
e of NFA and HNFA by newlearning s
hemes whereas espe
ially FA is already at its limits. On the other hand, FA is bestif low 
omputational 
omplexity is the determining fa
tor.7.3 Varian
e model of image sequen
esIn this se
tion an experiment with a dynami
al model for varian
es applied to image sequen
eanalysis is reported. The motivation behind modelling varian
es is that in many naturalsignals, there exists higher order dependen
ies whi
h are well 
hara
terised by 
orrelatedvarian
es of the signals (Parra et al., 2001). Hen
e we postulate that we should be able tobetter 
at
h the dynami
s of a video sequen
e by modelling the varian
es of the featuresinstead of the features themselves. This indeed is the 
ase as will be shown.The model 
onsidered 
an be summarised by the following set of equations:
x(t) ∼ N (As(t), diag(exp[−vx]))

s(t) ∼ N (s(t− 1), diag(exp[−u(t)]))

u(t) ∼ N (Bu(t− 1), diag(exp[−vu]))We will use the a
ronym DynVar in referring to this model. The linear mapping A fromsour
es s(t) to observations x(t) is 
onstrained to be sparse by assigning ea
h sour
e a 
ir
ularregion on the image pat
h outside of whi
h no 
onne
tions are allowed. These regions arestill highly overlapping. The varian
es u(t) of the innovation pro
ess of the sour
es have alinear dynami
al model. It should be noted that modelling the varian
es of the sour
es in thismanner is impossible if one is restri
ted to use 
onjugate priors.The sparsity of A is 
ru
ial as the 
omputational 
omplexity of the learning algorithmdepends on the number of 
onne
tions from s(t) to x(t). The same goal 
ould have beenrea
hed with a di�erent kind of approa
h as well. Instead of 
onstraining the mapping to besparse from the very beginning of learning it 
ould have been allowed to be full for a numberof iterations and only after that pruned based on the 
ost fun
tion as explained in Se
tion 6.2.But as the basis for image sequen
es tends to get sparse anyway, it is a waste of 
omputationalresour
es to wait while most of the weights in the linear mapping tend to zero.For 
omparison purposes, we postulate another model where the dynami
al relations aresought dire
tly between the sour
es leading to the following model equations:
x(t) ∼ N (As(t), diag(exp[−vx]))

s(t) ∼ N (Bs(t− 1), diag(exp[−u(t)]))We shall refer to this model as DynSr
.4. Higher dimensional SOMs be
ome qui
kly intra
table due to exponential number of parameters.30
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ks for Variational Bayesian LearningThe data x(t) was a video image sequen
e (van Hateren and Ruderman, 1998) of dimen-sions 16× 16× 4000. That is, the data 
onsisted of 4000 subsequent digital images of the size
16× 16. A part of the data set is shown in Figure 14.Both models were learned by iterating the learning algorithm 2000 times at whi
h stage asu�
ient 
onvergen
e was attained. The �rst hint of the superiority of the DynVar model wasprovided by the di�eren
e of the 
ost between the models whi
h was 28 bits/frame (for the
oding interpretation, see Honkela and Valpola, 2004). To further evaluate the performan
e ofthe models, we 
onsidered a simple predi
tion task where the next frame was predi
ted basedon the previous ones. The predi
tive distributions, p(x(t + 1)|x(1), ...,x(t)), for the models
an be approximately 
omputed based on the posterior approximation. The means of thepredi
tive distributions are very similar for both of the models. Figure 15 shows the meansof the DynVar model for the same sequen
e as in Figure 14. The means themselves are notvery interesting, sin
e they mainly re�e
t the situation in the previous frame. However, theDynVar model provides also a ri
h model for the varian
es. The standard deviations of itspredi
tive distribution are shown in Figure 16. White stands for a large varian
e and bla
kfor a small one. Clearly, the model is able to in
rease the predi
ted varian
e in the area ofhigh motion a
tivity and hen
e provide better predi
tions. We 
an o�er quantitative supportfor this 
laim by 
omputing the predi
tive perplexities for the models. Predi
tive perplexityis widely used in language modelling and it is de�ned as

perplexity(t) = exp

{
−

1

256

256∑

i=1

log p(xi(t + 1)|x(1), ...,x(t))

}
.The predi
tive perplexities for the same sequen
e as in Figure 14 are shown in Figure 17.Naturally the predi
tions get worse when there is movement in the video. However, DynVarmodel is able to handle it mu
h better than the 
ompared DynSr
 model. The same di�eren
e
an also be dire
tly read by 
omparing the 
ost fun
tions (3).The possible appli
ations for a model of image sequen
es in
lude video 
ompression, motiondete
tion, early stages of 
omputer vision, and making hypotheses on biologi
al vision.8. Dis
ussionOne of the distin
tive fa
tors between di�erent Bayesian approa
hes is the type of posteriorapproximation. We have 
on
entrated on large unsupervised learning tasks, where pointestimates are too prone to over�tting and sampling used in MCMC methods and parti
le�lters, is often too slow. The problems ta
kled with parti
le �lters in Dou
et et al. (2001) varyfrom 1 to 10 in dimensionality, whereas the latent spa
e in Se
tion 7.3 is 128 dimensional. Thevariational Bayesian learning seems to provide a good 
ompromise between point estimatesand sampling methods.Often the posterior distribution 
onsists of 
lusters or solution modes. It depends on theposterior approximation again, whether only one of the 
lusters, or all of them are modelled.In our 
ase, the expe
tation in JKL(q ‖ p) is taken over the approximate distribution q, whi
hin pra
ti
e leads to modelling a single mode. In expe
tation propagation (Minka, 2001), theKullba
k-Leibler divergen
e is formed di�erently, leading to modelling of all the modes. Also,sampling is supposed to take pla
e in all the modes. For the purpose of �nding a single goodrepresentative of the posterior probability mass, the �rst approa
h should be better. In fa
t,the expe
tation over the true posterior, also known as the Bayes estimate, is often degenerate31



Raiko, Valpola, Harva, and Karhunen

Figure 14: A sequen
e of 80 frames from the data used in the experiment.

Figure 15: The means of the predi
tive distribution for the DynVar model.

Figure 16: The standard deviations of the predi
tive distribution for the DynVar model.32
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Figure 17: Predi
tive perplexities.due to symmetry. For instan
e in fa
tor analysis type models, the posterior is symmetri
 tothe permutation of fa
tors. The number of permutations also gives a hint of the infeasibility ofa

urately modelling all the modes in a high-dimensional problem. Perhaps it would be bestto �nd one mode for the parameters, but all modes for the time-dependent variables whenfeasible.The variational Bayesian methods vary further depending on the posterior approximation.In this paper, all variables are assumed to be independent a posteriori. We have 
hosen tomodel individual distributions as Gaussians. Often di�erent 
onjugate distributions are usedinstead, for instan
e, the varian
e of a Gaussian variable is modelled with a Gamma distri-bution. Conjugate distributions are a

urate and in some sense pra
ti
al, but by restri
tingto Gaussians, the nodes 
an be 
onne
ted more freely allowing for example hierar
hi
al mod-elling of varian
es. It should be noted that the e�e
t of assuming independen
ies is far moresigni�
ant 
ompared to the e�e
t of approximations in modelling individual distributions.The s
ope of this paper has been restri
ted to models whi
h 
an be learned using purelylo
al 
omputations. This is possible, if the parents of ea
h node are independent a posteriori.This 
an be a

omplished by using a fa
torial posterior approximation and by not allowingmultiple 
omputational paths between variables. Purely lo
al 
omputations result in a 
om-putational 
omplexity that is linear w.r.t. the number of 
onne
tions in the model. In smallmodels, one 
ould a�ord to take all the dependen
ies into a

ount. In larger models, it mightbe desirable to model posterior dependen
ies within disjoint groups of variables, but to assumethe groups statisti
ally independent, as is done by Winn and Bishop (2005).A

ording to our experien
e, almost maximally fa
torial posterior pdf approximation q(θ)su�
es in many 
ases. It seems that a good model stru
ture is usually more important thana good approximation of the posterior pdf of the model. Therefore the available 
omputa-tion time is often better invested in a larger model using a simple posterior approximation.In any 
ase, density estimates of 
ontinuous valued latent variables o�er an important ad-vantage over point estimates, be
ause they are robust against over�tting and provide a 
ost33
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tion suitable for learning model stru
tures. With variational Bayesian learning employinga fa
torial posterior pdf approximation q(θ) the density estimates are almost as e�
ient aspoint estimates. Moreover, latent variable models often exhibit rotational and other invari-an
es whi
h variational Bayesian learning 
an utilise by 
hoosing a solution where the fa
torialapproximation is most a

urate.The basi
 algorithm for learning and inferen
e is based on updating a variable at a timewhile keeping other variables �xed. It has the bene�ts of being 
ompletely lo
al and guaran-teed to 
onverge. A drawba
k is that the �ow of information through time 
an be slow whileperforming inferen
e in a dynami
al model. There are alternative inferen
e algorithms, whereupdates are 
arried out in forward and ba
kward sweeps. These in
lude parti
le smoothing(Dou
et et al., 2001), extended Kalman smoothing (Anderson and Moore, 1979), and expe
-tation propagation (Minka, 2001). When the model needs to be learned at the same time,one needs to iterate a lot anyway, so the variational Bayesian algorithm that makes small but
onsistent improvements at every sweep might be preferable.It is an important design 
hoi
e that ea
h node is updated while keeping the other nodes�xed. If new node types are added later on, there is no need to 
hange the global learningalgorithm, but it su�
es to design an update rule for the new node type. Also, there is anoption to update some nodes more often than others. When di�erent parameters are 
oupledand 
y
li
 updating is slow, it 
an be sped up by line sear
h as des
ribed by Honkela et al.(2003). Note that all the updates are done in order to minimise a global 
ost fun
tion, thatis, a 
ost fun
tion over all the variables. Expe
tation propagation (Minka, 2001) updates oneapproximation at a time, too. An important di�eren
e is that there updates are done using alo
al 
ost fun
tion, i.e. the lo
al approximation is �tted to the lo
al true posterior assumingthat the rest of the approximation is a

urate. This is the reason why expe
tation propagationmay diverge.Large nonlinear problems often have numerous suboptimal lo
al solutions that should beavoided. We have used many tri
ks to avoid them, as dis
ussed in Se
tion 6.2. It depends onthe appli
ation whi
h tri
ks work best. It is an important aspe
t of future work to make thepro
edure as simple as possible for the user.9. Con
lusionsIn this paper, we have introdu
ed standardised nodes (blo
ks) for 
onstru
ting generativelatent variable models. These nodes in
lude a Gaussian node, addition, multipli
ation, anonlinearity following dire
tly a Gaussian node, and a delay node. The nodes have beendesigned so that they �t together, allowing 
onstru
tion of many types of latent variablemodels, in
luding both known and novel stru
tures. Constru
ting new prototype models israpid sin
e the user does not need to take 
are of the learning formulas. The nodes havebeen implemented in an open sour
e software pa
kage 
alled the Bayes Blo
ks (Valpola et al.,2003a).The models built from these blo
ks are taught using variational Bayesian (ensemble) learn-ing. This learning method essentially uses as its 
ost fun
tion the Kullba
k-Leibler informationbetween the true posterior density and its approximation. The 
ost fun
tion is used for up-dating the unknown variables in the model, but it also allows optimisation of the numberof nodes in the 
hosen model type. By using a fa
torial posterior density approximation,all the required 
omputations 
an be 
arried out lo
ally by propagating means, varian
es,and expe
ted exponentials instead of full distributions. In this way, one 
an a
hieve a linear34



Building Blo
ks for Variational Bayesian Learning
omputational 
omplexity with respe
t to the number of 
onne
tions in the 
hosen model.However, initialisation to avoid premature pruning of nodes and lo
al minima require spe
ialattention in ea
h appli
ation for a
hieving good results.In this paper, we have tested the introdu
ed method experimentally in three separateunsupervised learning problems with di�erent types of models. The results demonstrate thegood performan
e and usefulness of the method. First, hierar
hi
al nonlinear fa
tor analysis(HNFA) with varian
e modelling was applied to an extension of the bars problem. Thepresented algorithm 
ould �nd a model that is essentially the same as the 
ompli
ated wayin whi
h the data were generated. Se
ondly, HNFA was used to re
onstru
t missing valuesin spee
h spe
tra. The results were 
onsistently better than with linear fa
tor analysis, andwere generally best in 
ases requiring a

urate representation in high dimensionality. Thethird experiment was 
arried out using real-world video image data. We 
ompared the lineardynami
al model for the means and for the varian
es of the sour
es. The results demonstratethat �nding strong dependen
ies between di�erent sour
es was 
onsiderably easier when thevarian
es were modelled, too.A
knowledgmentsWe thank Antti Honkela, Tomas Östman, and Alexander Ilin for work on Bayes blo
ks softwarelibrary and for useful 
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iples.APPENDICESAppendix A. Updating q(s) for the Gaussian nodeHere we show how to minimise the fun
tion
C(m, v) = Mm + V [(m−m0)

2 + v] + E exp(m + v/2)−
1

2
ln v, (55)where M ,V ,E, and m0 are s
alar 
onstants. A unique solution exists when V > 0 and E ≥ 0.This problem o

urs when a Gaussian posterior with mean m and varian
e v is �tted to aprobability distribution whose logarithm has both a quadrati
 and exponential part resultingfrom Gaussian prior and log-Gamma likelihoods, respe
tively, and Kullba
k-Leibler divergen
eis used as the measure of the mis�t.In the spe
ial 
ase E = 0, the minimum of C(m, v) 
an be found analyti
ally and it is

m = m0 −
M
2V

, v = 1
2V

. In other 
ases where E > 0, minimisation is performed iteratively.At ea
h iteration, one Newton iteration for the mean m and one �xed-point iteration for thevarian
e v are 
arried out as explained in more detail in the following.35



Raiko, Valpola, Harva, and KarhunenA.1 Newton iteration for the mean mThe Newton iteration for m is obtained by
mi+1 = mi −

∂C(mi, vi)/∂mi

∂2C(mi, vi)/∂m2
i

= mi −
M + 2V (mi −m0) + E exp(m + v/2)

2V + E exp(m + v/2)
. (56)The Newton iteration 
onverges in one step if the se
ond derivative remains 
onstant. The stepis too short if the se
ond derivative de
reases and too long if the se
ond derivative in
reases.For stability, it is better to take too short than too long steps.In this 
ase, the se
ond derivative always de
reases if the mean m de
reases and vi
eversa. For stability it is therefore useful to restri
t the growth of m be
ause it is 
onsistentlyover-estimated.A.2 Fixed-point iteration for the varian
e vA simple �xed-point iteration rule is obtained for the varian
e v by solving the zero of thederivative:

0 =
∂C(m, v)

∂v
= V +

E

2
exp(m + v/2)−

1

2v
⇔

v =
1

2V + E exp(m + v/2)

def
= g(v) (57)

vi+1 = g(vi) (58)In general, �xed-point iterations are stable around the solution vopt if |g′(vopt)| < 1 and
onverge best when the derivative g′(vopt) is near zero. In our 
ase g′(vi) is always negativeand 
an be less than −1. In this 
ase the solution 
an be an unstable �xed-point. This 
anbe avoided by taking a weighted average of (58) and a trivial iteration vi+1 = vi:
vi+1 =

ξ(vi)g(vi) + vi

ξ(vi) + 1

def
= f(vi) (59)The weight ξ should be su
h that the derivative of f is 
lose to zero at the optimal solution

vopt whi
h is a
hieved exa
tly when ξ(vopt) = −g′(vopt).It holds
g′(v) = −

(E/2) exp(m + v/2)

[2V + E exp(m + v/2)]2
= g2(v)

[
V −

1

2g(v)

]
= g(v)

[
V g(v)−

1

2

]
⇒

g′(vopt) = vopt

[
V vopt −

1

2

]
⇒ ξ(vopt) = vopt

[
1

2
− V vopt

] (60)The last steps follow from the fa
t that vopt = g(vopt) and from the requirement that f ′(vopt) =
0. We 
an assume that v is 
lose to vopt and use

ξ(v) = v

[
1

2
− V vopt

]
. (61)Note that the iteration (58) 
an only yield estimates with 0 < vi+1 < 1/2V whi
h meansthat ξ(vi+1) > 0. Therefore the use of ξ always shortens the step taken in (59). If the initialestimate v0 > 1/2V , we 
an set it to v0 = 1/2V .36



Building Blo
ks for Variational Bayesian LearningA.3 Summary of the updating method for q(s)1. Set v0 ← min(v0, 1/2V ).2. Iterate:(a) Solve the new estimate of the mean m from Eq. (56) under the restri
tion that themaximum step is 4;(b) Solve the new estimate of the varian
e v from Eqs. (61) and (59) under the restri
-tion that the maximum step is 4.3. Stop the iteration after the 
orre
tions be
ome small enough, being under some suitableprede�ned threshold value.Appendix B. Addition and multipli
ation nodesEquations (21)�(25) for the addition and multipli
ation nodes are proven in the followingse
tion. Only the Equation (21) applies in general, the others assume that the in
omingsignals are independent a posteriori. That is, q(s1, s2, . . . , sn) = q(s1)q(s2) . . . q(sn). Alsothe proof of the form of the 
ost fun
tion mostly 
on
erns propagation through addition andmultipli
ation nodes, so it is presented here. Finally, the formulas of propagating the gradientsof the 
ost fun
tion w.r.t. the expe
tations are derived.B.1 Expe
tationsEquation (21) follows dire
tly from the linearity of the expe
tation operation, or 
an be provenanalogously to the proof of Equation (24):
〈

n∏

i=1

si

〉
=

∫ ( n∏

i=1

si

)
q(s1, s2, . . . , sn)ds

=

∫ n∏

i=1

siq(si)ds =
n∏

i=1

∫
siq(si)dsi =

n∏

i=1

〈si〉 .Equation (22) states that the varian
e of a sum of independent variables is the sum oftheir varian
es. This fa
t 
an be found in basi
 probability theory books. It 
an be provenwith simple manipulation by using Equations (21) and (24).Equation (23) 
an be proven by applying (24) to exp si:
〈

exp

(
n∑

i=1

si

)〉
=

〈
n∏

i=1

exp si

〉
=

n∏

i=1

〈exp si〉 .Equation (25) 
an be proven by applying Equation (24) to both si and s2
i :

Var

{
n∏

i=1

si

}
=

〈(
n∏

i=1

si

)2〉
−

〈
n∏

j=1

sj

〉2

=

〈
n∏

i=1

s2
i

〉
−




n∏

j=1

〈sj〉




2

=
n∏

i=1

〈
s2
i

〉
−

n∏

j=1

〈sj〉
2 =

n∏

i=1

[
〈si〉

2 + Var {si}
]
−

n∏

j=1

〈sj〉
2 .37
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ost fun
tionThe form of the part of the 
ost fun
tion that an output of a node a�e
ts is shown to be ofthe form
Cp = M 〈·〉+ V [(〈·〉 − 〈·〉
urrent)2 + Var {·}] + E 〈exp ·〉+ C (62)where 〈·〉 denotes the expe
tation of the quantity in question. If the output is 
onne
teddire
tly to another variable, this 
an be seen from Eq. (11) by substituting

M = 〈exp v〉 (〈s〉
urrent − 〈m〉)
V =

1

2
〈exp v〉

E = 0

C =
1

2

[
〈exp v〉

(
Var {m}+ 〈m〉2 − 〈s〉2
urrent)− 〈v〉+ ln 2π

]
.If the output is 
onne
ted to multiple variables, the sum of the a�e
ted 
osts is of the sameform. Now one has to prove that this form remains the same when the signals are fed throughthe addition and multipli
ation nodes. 5If the 
ost fun
tion is of the prede�ned form (62) for the sum s1 + s2, it has the same formfor s1, when s2 is regarded as a 
onstant. This 
an be shown using Eqs. (21), (22), and (23):

Cp = M 〈s1 + s2〉+ V
[
(〈s1 + s2〉 − 〈s1 + s2〉
urrent)2 + Var {s1 + s2}

]

+ E 〈exp(s1 + s2)〉+ C (63)
= M 〈s1〉+ V

[
(〈s1〉 − 〈s1〉
urrent)2 + Var {s1}

]

+ (E 〈exp s2〉) 〈exp s1〉+ (C + M 〈s2〉+ V Var {s2})It 
an also be seen from (63) that when E = 0 for the sum s1 + s2, it is zero for the addend
s1, that is E′ = E 〈exp s2〉 = 0. This means that the outputs of produ
t and nonlinear nodes
an be fed through addition nodes.If the 
ost fun
tion is of the prede�ned form (62) with E = 0 for the produ
t s1s2, it issimilar for the variable s1, when the variable s2 is regarded as a 
onstant. This 
an be shownusing Eqs. (24) and (25):

Cp = M 〈s1s2〉+ V
[
(〈s1s2〉 − 〈s1s2〉
urrent)2 + Var {s1s2}

]
+ C (64)

= (M 〈s2〉+ 2V Var {s2} 〈s1〉
urrent) 〈s1〉

+
[
V
(
〈s2〉

2 + Var {s2}
)] [

(〈s1〉 − 〈s1〉
urrent)2 + Var {s1}
]

+
(
C − V Var {s2} 〈s1〉

2
urrent)Appendix C. Updating q(s) for the Gaussian node followed by anonlinearityA Gaussian variable has its own terms in the 
ost fun
tion and it a�e
ts the 
ost fun
tion ofits 
hildren. In 
ase there is a nonlinearity atta
hed to it, only the latter is 
hanged. The 
ost5. Note that delay node only rewires 
onne
tions so it does not a�e
t the formulas.38
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tion of the 
hildren 
an be written in the form
Cch(s),p = M 〈f(s)〉+ V [(〈f(s)〉 − 〈f(s)〉
urrent)2 + Var {f(s)}] (65)where 〈f(s)〉
urrent stands for the expe
tation using the 
urrent posterior estimate q(s), and

M and V are 
onstants.The posterior q(s) = N (s; s, s̃) is updated to minimise the 
ost fun
tion. For s̃ we get a�xed point iteration for the update 
andidate:
vs̃new =

[
〈exp v〉+

4V
(
1− 2s2 + 2s̃

)
(〈f(s)〉 − M

2V
) 〈f(s)〉

(2s̃ + 1)2

−
4V
(
1− 4s2 + 4s̃

) 〈
[f(s)]2

〉

(4s̃ + 1)2

]−1 (66)And for s we have an approximated Newton's iteration update 
andidate
snew = s− s̃new

[
〈exp v〉 (s− 〈m〉) + 4V s

(
(〈f(s)〉 − M

2V
) 〈f(s)〉

2s̃ + 1
−

〈
[f(s)]2

〉

4s̃ + 1

)] (67)These 
andidates guarantee a dire
tion, in whi
h the 
ost fun
tion de
reases lo
ally. As longas the 
ost fun
tion is about to in
rease in value, the step size is halved. This guarantees the
onvergen
e to a stable point.Appendix D. Example where point estimates failThe following example illustrates what 
an go wrong with point estimates. Three dimensionaldata ve
tors x(t) are modelled with the linear fa
tor analysis model x(t) = as(t)+n(t), usinga s
alar sour
e signal s(t) and a Gaussian noise ve
tor n(t) with zero mean and parameterisedvarian
e p(nk) = N (0, σ2
k). Here a is a three-dimensional weight ve
tor.The weight ve
tor a might get a value a = [1 0 0]T , while the sour
e 
an just 
opy thevalues of the �rst dimension of x(t), that is, s(t) = x1(t). When the re
onstru
tion error or thenoise term is evaluated: n(t) = x(t)−as(t) = [0 x2(t) x3(t)]

T , one 
an see that problems willarise with the �rst varian
e parameter σ2
1. The likelihood goes to in�nity as σ2

1 goes to zero.The same applies to the posterior density, sin
e it is basi
ally just the likelihood multipliedby a �nite fa
tor.The found model is 
ompletely useless and still, it is rated as in�nitely good using pointestimates. These problems are typi
al for models with estimates of the noise level or produ
ts.They 
an be sometimes avoided by �xing the noise level or using 
ertain normalisations (Attias,2001). When the noise model is nonstationary (see Se
tion 5.1), the problem be
omes evenworse, sin
e the in�nite likelihood appears if the any of the varian
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