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CDEFGCHF
IJ KLMN OPOQR SQ TQUQVWO P JQS XVMJT NMYJPV NQOPRPKMWJ
Z[\\] PVYWRMKL^ _NMJY `WJa _YPKQ YRPTMQJK WOKM^ MbPKMWJ WUQR
KLQ \KMQcQV ^ PJMcWVT d eQ QfORQNN KLQ [\\ ORWXVQ^ ^PKLQg
^ PKM`PVVh PN PJ WOKM^ MbPKMWJ ORWXVQ^ S MKL PJ WRKLWJWR^ PV
`WJNKRPMJK d iLMN `PJ XQ QfORQNNQT PN PJ jklmknopqrk st WOg
KM^ MbPKMWJ WUQR KLQ \KMQcQV ^ PJMcWVT uvw d iW TQRMUQ KLQ PVYWg
RMKL^ x SQ WJVh _NQ NQ`WJT WRTQR NKPKMNKM`N Wc KLQ WXNQRUQT
NMYJPVN P `RMKQRMWJ SLM`L LPN X QQJ NLWSJ KW XQ N_y `MQJK cWR
NQOPRPKMWJ ORWUMTMJY KLPK NW_R`QN LPUQ VMJQPRVh MJTQOQJTQJK
KQ^OWRPV `WRRQVPKMWJN d iLQ JQS WOKM^ MbPKMWJ ^ QKLWT TMNg
OVPhN P z_PTRPKM` `WJUQRYQJ`Q ORWOQRKhd \M^_VPKMWJ RQN_ VKN
`WRRQNOWJTMJY KW KSW TM{QRQJK WOKM^ MbPKMWJ NKRPKQYMQN PRQ
ORQNQJKQT KLPK UQRMch KLQ O QRcWR^ PJ`Q Wc KLQ JQS PVYWRMKL^
PJT PVNW MK |N `WJUQRYQJ`Q X QLPUMW_R d

}~ ��FG��� HF���
IJ P XVMJT NW_R`Q NQOPRPKMWJ Z[\\] ORWXVQ^ x KLQ WXa Q`KMUQ
MN KW NQOPRPKQ MJTQOQJTQJK NW_R`QN KLPK PRQ ^ MfQT KLRW_YL
PJ _J�JWSJ ^ MfMJY QJUMRWJ^ QJK SLQRQ JW MJcWR^ PKMWJ MN
PUPMVPX VQ PXW_K KLQ NW_R`QN WR KLQ QJUMRWJ^ QJK d � NM^OVQ
[\\ N`QJPRMW MN SLQJ KLQ ^ Mf MJY QJUMRWJ^ QJK ^WTQVVQT PN
P ^ PKRMf Wc N`PVPRN x RQcQRRQT KW PN MJNKPJKPJQW_N ^ Mf MJY d
\W cPR x ^ PJh ^QKLWTN LPUQ XQQJ ORWOWNQT KW NWVUQ KLQ [\\
ORWXVQ^ cWR MJNKPJKPJQW_N ^ MfK_RQ `PNQ d \W^ Q ^QKLWTN _NQ
MJcWR^ PKMWJ ^ QPN_RQN WR L MYLQR WRTQR NKPKMNKM`N PN P `RMKQg
RMWJ cWR NQOPRPKMWJ ZQ dY dx u�w x u�w x u�w] SLMVQ cQS WKLQRN RQVh
WJVh WJ NQ`WJT WRTQR NKPKMNKM`N Xh QfOVWMKMJY KLQ KQ^OWRPV
MJcWR^ PKMWJ Wc NMYJPVN ZQ dY dxu�w x u�w x u�w] �W ^ PKKQR SLPK �MJT
Wc `RMKQRMWJ MN _NQT x P XVMJT NW_R`Q NQOPRPKMWJ ORWXVQ^ ^WNK
WcKQJ QJTN _O S MKL PJ WOKM^ MbPKMWJ KPN� SLQRQ WJQ JQQTN KW
^ MJM^ MbQ ZWR ^ PfM^ MbQ] P `WNK c_J`KMWJ MJ WRTQR KW P`LMQUQ
NQOPRPKMWJ d �N ORWOWNQT Xh NW^ Q ^QKLWTN ZNQQ Q dY dx u�w PJT
u�w] KLQ [\\ ORWXVQ^ `PJ XQ RQT_`QT KW P NM^OVQR cWR^ Xh
OQRcWR^ MJY P NOPKMPV ORQgSLMKQJMJY d IJ KLMN `PNQ KLQ ORWXg
VQ^ MN NM^OVM�QT KW �JTMJY P _JMKPRh ^ PKRMf � KLPK NQOPg
RPKQN KLQ W_KO_KN d IJ WRTQR KW �JT KLQ NQOPRPKMJY JQKSWR�
Z� ] SQ JQQT KW ^ PfM^ MbQ ZWR ^ MJ M^ MbQ] P `WNK c_J`KMWJ N_Xg
a Q`K KW PJ WRKLWYWJPVMKh `WJNKRPMJK Z� � � � � ] d \W cPR KLQ
^ QKLWTN KLPK LPUQ XQQJ ORWOWNQT MJ VMKQRPK_RQ `WJNMTQR �
PN P ^_VKMO VM`PKMWJ Wc �P`WXMPJ ^ PKRM`QN PJT NWVUQ KLQ ORWXg
VQ^ Xh WOKM^ MbMJY KLQ `WNK c_J`KMWJ S MKL RQNO Q`K KW RWKPKMWJ
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PJYVQN Wc QP`L �P`WXMPJ ^ PKRMf d IJ YQJQRPV WRKLWYWJPV `WJg
NKRPMJKN `PJ XQ RQORQNQJKQT YQW^ QKRM`PVVh Xh ´RPNN^ PJ PJT
\KMQcQV ^ PJMcWVTN d IJ uvw JQS PVYWRMKL^ N cWR WOKM^ MbPKMWJ WJ
KLQ KLQNQ ^ PJMcWVT LPUQ XQQJ TMN`_NNQT d IJ KL MN OPOQR SQ
LPUQ TQUQVWO QT KSW JQS [\\ PVYWRMKL^ N SLM`L ^ MJM^ MbQ
KLQ NQ`WJT WRTQR `RWNN ^ W^QJKN X QKSQQJ W_KO_KN N_Xa Q`K
KW KLQ PXWUQg^ QJKMWJQT _JMKPRh `WJNKRPMJK d eQ LPUQ TQUQVg
WO QT _J`WJNKRPMJQT YRPTMQJK TQN`QJK PJT `WJa_YPKQ YRPTMg
QJK ^ QKLWTN WUQR KLQ \KMQcQV ^ PJMcWVT PN MJ uvw KW P`L MQUQ KLQ
NQOPRPKMWJ d iLQ RQN_VKN cWR KLQ KSW PVYWRMKL^ N PRQ `W^OPRQT
WJ KLQ XPNMN Wc NM^_VPKMWJN d ´WWT NQOPRPKMWJ OQRcWR^ PJ`Q
MN P`LMQUQT cWR XWKL PVYWRMKL^ N x S MKL z_PTRPKM` `WJUQRYQJ`Q
TMNOVPhQT cWR KLQ `WJa _YPKQ YRPTMQJKgXPNQT ^ QKLWT d

µ ~ ¶G�D·¸¹ º�G¹ �·CF��� C��
E¸¶CGCF��� HG�F¸G���

µ ~}~ ¶»¼ ½¾¿ ¾ÀÁ»Â
�NN_^ Q KLPK SQ LPUQ NW_R`Q NMYJPV UQ`KWR Ã ZÄ ] `WJNMNKN Wc
J NW_R`QN Ã ZÄ ] � ZÅÆ ZÄ ]Ç ÅÈ ZÄ ]Ç É É É Ç ÅÊ ZÄ ]]� SLQRQ KLQ
NW_R`Q NMYJPVN PRQ RQPV x bQRW ^ QPJ x NKPKMWJPRh ORW`QNNQN d
� VNW SQ ^ P�Q KLQ c_RKLQR PNN_^OKMWJN KLPK KLQ NW_R`QN
ÅË ZÄ ] PRQ ^_K_PVVh _J`WRRQVPKQT PJT KLQh LPUQ TM{QRQJK
NO Q`KRPV `WJKQJKN d ÌWJNMTQR KLQ WXNQRUPKMWJ Í ZÄ ] PN KLQ
VMJQPR x MJNKPJKPJQW_N ^ MfK_RQ Wc NW_R`Q NMYJPVN YMUQJ Xh Î

Í ZÄ ] � ÏÃ ZÄ ]Ð Z� dv]
iLQ [\\ ORWXVQ^ MN Î YMUQJ WJVh Í ZÄ ]x �JT P TQ^ Mf MJY

^ PKRMf Ñ N_`L KLPK KLQ W_KO_K UQ`KWR YMUQJ Xh
Â ZÄ ] � ÑÍ ZÄ ]Ç Z� d�]

MN S MKLMJ P N`PVQT PJT OQR^_KQT UQRNMWJ Wc KLQ WRMYMJPV
NW_R`Q UQ`KWR d \MJ`Q KLQ Qf`LPJYQ Wc P �fQT N`PVPR cP`KWR
X QKSQQJ P YMUQJ NW_R`Q PJT `WRRQNOWJTMJY `WV_^J Wc Ï TWQN
JWK `LPJYQ KLQ WXNQRUPKMWJ x S MKLW_K PJh VWNN Wc YQJQRPVMKh
SQ `PJ PNN_^ Q KLPK KLQ NW_R`QN LPUQ _JMK OWSQR d [PNQT WJ
KLMN PNN_^OKMWJ KLQ `WUPRMPJ`Q ^ PKRMf Wc WXNQRUQT NMYJPV
Ò ZÄ ] `PJ XQ SRMKKQJ PN Î
ÓÔ � Õ uÍ ZÄ ]Í� ZÄ ]w � ÏÕ uÃ ZÄ ]Ã� ZÄ ]wÏ� � ÏÏ� Ð Z� d�]

Ö QRQ SQ LPUQ _NQT KLQ PNN_^OKMWJ KLPK Õ uÃ ZÄ ]Ã� ZÄ ]w �
� d ×QOVP`MJY Ï S MKL MKN NMJY_VPR UPV_Q TQ`W^OWNMKMWJ Î Ï �
Ø Ù� � MJ Qz_PKMWJ Z� d�] SQ LPUQ Î
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�RW^ KLQ QMYQJTQ`W^OWNMKMWJ Wc ^ PKRMf ÓÔ SQ JWKM`Q KLPK
KLQ ^ Mf MJY ^ PKRMf Ï `PJ XQ MTQJKM�QT _O KW P _JMKPRh ^ Pg
KRMf d iW NQQ KL MN ^ WRQ `VQPRVh SQ TQ�JQ P SLMKQJ MJY ^ PKRMf
� PN Î

� � Ù �ÆØ � Ð Z� d�]
[h POOVh MJY � KW KLQ MJO_K WXNQRUPKMWJ SQ WXKPMJ Î

� ZÄ ] � � Í ZÄ ] � � � Ã ZÄ ]Ð Z� d�]
�N `PJ XQ NQQJ cRW^ Z� d�] KLQ [\\ ORWXVQ^ LPN XQQJ

NM^OVM�QT KW �JTMJY KLQ _JMKPRh ^ PKRMf � d iW MTQJKMch �
XPNQT WJ KLQ PNN_^OKMWJN PVRQPTh ^ PTQ WJ KLQ NW_R`QN SQ
`PJ _NQ P NQ`WJT WRTQR NKPKMNKM`N Z\�\] POORWP`L d

µ ~µ ~ H�Ã� º�À�� ¾�À
�N MN NLWSJ MJ u	w � `PJ XQ MTQJKM�QT Xh TMPYWJPVMbMJY KLQ
NOPKMPV SLMKQJQT `WUPRMPJ`Q ^ PKRMf Ó 
 Z�] TQ�JQT PN Î

Ó 
 Z�] � Õ u� ZÄ ]�� ZÄ � �]w � � Õ uÃ ZÄ ]Ã ZÄ � �]w� � Ç
Z� d�]

YMUQJ KLPK cWR PJh NW_R`QN ÅË ZÄ ] PJT Å
 ZÄ ] KLQRQ MN P � � �
N_`L KLPK Î

Õ ZÅË ZÄ ]ÅË ZÄ � �]] �� Õ ZÅ
 ZÄ ]Å
 ZÄ � �]] Ð Z� d	]
iLQ ORWXVQ^ S MKL KLQ PXWUQ POORWP`L MN KLPK SQ JQQT KW
�JT P ORMWRM P KM^ Q VPY � N_`L KLPK KLQ PXWUQ `WJTMKMWJ MN NPKg
MN�QT d iLMN X Q`W^ QN QNO Q`MPVVh M^OWRKPJK SLQJ KLQ NW_R`QN
LPUQ `VWNQ NO Q`KR_^ N d �JWKLQR POORWP`L PN N_YYQNKQT Xh u�w
MN KW NM^_VKPJQW_NVh Za WMJKVh ] TMPYWJPVMbQ P NQK Wc � SLMKQJQT
`WUPRMPJ`Q ^ PKRM`QN � � �Ó 
 Z�] �� � vÇ É É É Ç � � d IJ KLQMR
^ QKLWT KLQh _NQ PJ QfKQJNMWJ Wc KLQ �P`WXM KQ`LJMz_Q u� w cWR
KLQ a WMJK POORWf M^ PKQ TMPYWJPVMbPKMWJ Wc KLQ NQK Wc `WUPRMg
PJ`Q ^ PKRM`QN ^ QJKMWJQT PXWUQ d �WKM`Q KLPK a WMJK TMPYWJPVg
MbMJY Wc KLQ NQK Wc `WUPRMPJ`Q ^ PKRM`QN � `PJ XQ MJKQRORQKQT
PN ^ MJM^ MbMJY KLQ JWR^ Wc W{gTMPYWJPV QVQ^ QJKN Wc Ó � Z� ]
YMUQJ PN Î

Ó � Z�] � � � Ó 
 Z�]� Ç Z� d�]
cWR PVV v � � � � d IJ WKLQR SWRTN x a WMJK TMPYWJPVMbPKMWJ
MN Qz_MUPVQJK KW KLQ NWV_KMWJ Wc KLQ cWVVWS MJY WOKM^ MbPKMWJ
ORWXVQ^
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SLQRQ � MN P JgXhgJ WRKLWJWR^ PV ^ PKRMf PJT # Ë
 PRQ KLQ
W{gTMPYWJPV QVQ^ QJKN Wc Ó � Z�] PJT PRQ YMUQJ Xh

# Ë
 Z�] � Õ u+ Ë ZÄ ]+
 ZÄ � �]w Ç Z� dvv]
PJT + Ë ZÄ ] MN KLQ �KL QVQ^ QJK Wc KLQ W_KO_K UQ`KWR Â YMUQJ
PN Î

Â ZÄ ] � � � ZÄ ]Ð Z� dv�]
\MJ`Q KLQ �RWX QJM_N JWR^ Wc KLQ `WUPRMPJ`Q ^ PKRMf Ó � Z� ]
MN MJUPRMPJK S MKL RQNO Q`K KW � x ^ MJM^ MbMJY KLQ JWR^ Wc W{g
TMPYWJPV KQR^ N Wc Ó � Z� ] MN Qz_MUPVQJK KW ^ PfM^ MbMJY KLQ

JWR^ Wc TMPYWJPV KQR^ N d IJ WKLQR SWRTN MJNKQPT Wc Z� dvv]
SQ `PJ SRMKQ Î
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�
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 Z�]]È ] Ç
Z� dv�]

PJT . # ZÓ � Z�]] MN MJUPRMPJK S MKL RQNO Q`K KW � d ÖQJ`Q cWR
^ PfM^ MbMJY Z� dv� ] x SQ WJVh JQQT KW ^ Pf M^ MbQ KLQ NQ`WJT
KQR^ ZWR ^ MJM^ MbMJY MK |N JQYPKMUQ] Wc Qz_PKMWJ Z� dv�] S MKL
RQNO Q`K KW � WR Î

Ä �� � Z� ] � � v
� ��

 ! Æ
�
Ë "!
 Z# ËË Z�] � #

 Z�]]È ÇZ� dv�]

Å$%& '() )* � � � � � Ð
�N MK `PJ XQ NQQJ cRW^ Z� dv�] SQ LPUQ PJ WOKM^ MbPKMWJ ORWXg
VQ^ S MKL PJ WRKLWJWR^ PV `WJNKRPMJK d IJ uvw KLQ SRMKQRN ORWg
UMTQ P cRP^ QSWR� cWR NWVUMJY ORWXVQ^ N KLPK MJUWVUQ N_`L
`WJNKRPMJKN d [PNQT WJ KLQMR SWR� MJ JQfK NQ`KMWJ SQ TMN`_NN
KLQ WOKM^ MbPKMWJ ^ QKLWTN KW NWVUQ Z� dv�] d

0 ~ �¶F�¹ �1CF��� ¹ ¸F2 �� E
IJ KLMN NQ`KMWJ SQ MJKRWT_`Q WOKM^ MbPKMWJ ^ QKLWTN cWR NWVUg
MJY Z� dv�] d �N ^ QJKMWJQT XQcWRQ KLQ WRKLWJWR^ PV `WJNKRPMJK
� � � � � `PJ XQ RQORQNQJKQT Xh P JWJVMJQPR NOP`Q �JWSJ
PN \KMQcQV ^ PJMcWVT d 3 NMJY TM{QRQJKMPV YQW^ QKRh MTQPN x KLQ
`WJNKRPMJQT WOKM^ MbPKMWJ ORWXVQ^ WJ YMUQJ Xh Z� dv�] `PJ XQ
`WJNMTQRQT PN PJ _J`WJNKRPMJQT WJQ WJ KLQ \KMQcQV ^ PJMcWVT d

0 ~} ~ 4 »Á5 ¾¼À� 5¼Ã�¼À� �À E� ¾¼6¼ ½ ¿ÁÀ¾6� ½5
IJ VMJQPR 7_`VMTQPJ NOP`Q SQ LPUQ KLQ cWVVWS MJY _OTPKQ R_ VQ
cWR N^ WWKL _J`WJNKRPMJQT WOKM^ MbPKMWJ Wc P WXa Q`KMUQ c_J`g
KMWJ 8 Z9 ] YMUQJ PN Î

9 - � 9 - � Æ / ): - � Æ Ç Z� dv�]
SLQRQ : MN KLQ NQPR`L TMRQ`KMWJ `PV`_ VPKQT XPNQT WJ KLQ
�JWS VQTYQ Wc YRPTMQJK WR ÖQNNMPJ Wc KLQ WXa Q`KMUQ c_J`KMWJ
PJT ) MN KLQ NKQO NMbQ OPRP^ QKQR KhOM`PVVh `LWNQJ _NMJY VMJQ
NQPR`L ^ QKLWTN d \M^ MVPR `WJ`QOKN `PJ XQ `PRRMQT WUQR KW
WOKM^ MbPKMWJ WJ P ^ PJMcWVT x Xh KRPJNVPKMJY KLQ WOQRPKMWJN
^ QJKMWJQT PXWUQ KW KLQ N_MKPX VQ WJQN WJ KLQ ^ PJMcWVT d �Wg
KM`Q KLPK KLQ _OTPKQ R_VQ MJ Qz_PKMWJ Z� dv�] MN TWJQ WJ P
VMJQ SLMVQ WJ P ^ PJMcWVT KLMN _OTPKQ NLW_VT XQ TWJQ WJ P
YQWTQNM` x SLQRQ Xh MK |N TQ�JMKMWJ MN KLQ `_RUQ Wc NLWRKQNK
VQJYKL XQKSQQJ KSW OWMJKN WJ P ^ PJMcWVT d � N MN NLWSJ MJ
uvw x WJ KLQ \KMQcQV ^ PJMcWVT KLQ Qz_PKMWJ cWR KLQ YQWTQNM`
Q^ PJPKMJY cRW^ �- � Æ MJ TMRQ`KMWJ Wc : - � Æ xSLQRQ �- �Æ PJT: - � Æ PRQ JgXhgO ^ PKRM`QN N_`L KLPK � �- � Æ�- � Æ � �; PJT
Ï � � �- � Æ: - � Æ MN N�QS gNh^^QKRM` x MN YMUQJ Xh Î

�- � �-� ÆÕ Z) ] / < = Z) ] Ð Z� dv�]
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ÖQRQ Õ Z)] PJT = Z)] PRQ OgXhgO ^ PKRM`QN YMUQJ Xh ^ PKRMf
QfOWJQJKMPV Î� Õ Z)]= Z)] � � 'Ò� �) � Ï �Ó�

Ó � � � �;� �� Z� dv	 ]

e LQRQ �; MN P OgXhgO MTQJKMKh ^ PKRMf PJT < PJT Ó PRQ KLQ�× TQ`W^OWNMKMWJ Wc Î
<Ó � Z� � �-� Æ� �- �Æ]: Ð Z� dv� ]

�WR YRPTMQJK TQN`QJK SQ NQK : - � �� - SLQRQ � - MN KLQ
YRPTMQJK Wc `WNK c_J`KMWJ � Z�- ] WJ KLQ \KMQcQV ^ PJMcWVT PJT
MN YMUQJ Xh � - � ��� � �-���� �- Ç Z� d�� ]
SLQRQ ��� MN KLQ JgXhgO ^ PKRMf Wc OPRKMPV TQRMUPKMUQN Wc� Z�- ] S MKL RQNO Q`K KW QVQ^ QJKN Wc �-

Z� �� ]Ë
 � 	� Z�- ]	 
 -Ë
 Ç Z� d�v]

SLQRQ 
 -Ë
 MN KLQ Z� Ç & ]KL QVQ^ QJK Wc KLQ �- d �WR NKQQO QNK
TQN`QJK x Qz_PKMWJN Z� dv�] PJT Z� d��] PRQ PVV SQ JQQT KW ^ MJg
M^ MbQ KLQ `WNK c_J`KMWJ � Z�- ] WJ KLQ \KMQcQV ^ PJMcWVT d �K
QP`L MKQRPKMWJ � SQ �RNK �JT � - _NMJY Qz_PKMWJ Z� d��] x KLQJ
SQ NQK : - � �� - PJT _NMJY Qz_PKMWJ Z� dv�] SQ �JT KLQ
_OTPKQ UPV_Q cWR �-� Æ d iW `LWWNQ KLQ NKQO NMbQ K SQ LPUQ
TM{QRQJK WOKMWJN Î QMKLQR SQ `PJ `LWWNQ P `WJNKPJK UPV_Q cWR
K WR SQ `PJ _NQ P N_``QNNMUQ NKQO NMbQ RQT_`KMWJ ^ QKLWT N_`L
PN �R^ Ma W ×_VQ TQN`RMX QT MJ uv� w d

0 ~µ ~ H�À� �
Á�¼ 4 »Á5 ¾¼À� �À ��¼ E� ¾¼ 6¼½ ¹ ÁÀ¾6� ½5
IJ WOKM^ MbPKMWJ WUQR P VMJQPR NOP`Q x PJWKLQR ^ QKLWT KLPK
MN cPNKQR KLPJ NKQQO QNK TQN`QJK X_K NKMVV WJVh JQQTN YRPTMg
QJK MJcWR^ PKMWJ Wc KLQ WXa Q`KMUQ c_J`KMWJ MN KLQ `WJa_YPKQ
YRPTMQJK ^ QKLWT uv�w d iLQ NQPR`L TMRQ`KMWJ Z: - ] MJ KLQ `WJg
a _YPKQ YRPTMQJK ^ QKLWT PK QP`L NKQO MN `PV`_ VPKQT _NMJY P
VMJQPR `W^XMJPKMWJ Wc KLQ YRPTMQJK Wc KLQ `WNK c_J`KMWJ Z� - ]
PK `_RRQJK NKQO PJT KLQ NQPR`L TMRQ`KMWJ PK KLQ ORQU MW_N NKQO d

: - � �� - / � - : - � Æ Ç Z� d��]
e LQRQ � - MN YMUQJ Xh Î� - � � �- � -� �- �Æ� - � Æ Ð Z� d��]

�N MN NLWSJ MJ uv� w x Xh _NMJY KLQ `WJa _YPKQ YRPTMQJK
cWR z_PTRPKM` ORWXVQ^ N x P NWV_KMWJ `PJ XQ PKKPMJQT PcKQR
�JMKQ J_^XQR Wc NKQON d �WR JWJ z_PTRPKM` c_J`KMWJN KLQ
`WJUQRYQJ`Q ^ Ph JWK LPOOQJ PcKQR `QRKPMJ J_^XQR Wc NKQON
X_K KLQ ^ QKLWT NKMVV ORWUMTQN YWWT `WJUQRYQJ`Q ORWOQRKMQN d
iW OQRcWR^ `WJa_YPKQ YRPTMQJK WJ P ^ PJMcWVT SQ JQQT KW
�JWS LWS KW OPRPVVQV KRPJNOWRK P KPJYQJK UQ`KWR cRW^ WJQ
OWMJK Wc KLQ ^ PJMcWVT KW PJWKLQR OWMJK d �WKM`Q KLPK WJ KLQ
\KMQcQV ^ PJMcWVT XWKL � - PJT : - � Æ PRQ KPJYQJK UQ`KWRN PJT
KLQ JQS NQPR`L TMRQ`KMWJ MN cW_JT Xh PTTMJY KLQ YRPTMQJK
UQ`KWR KW KLQ OPRPVVQV KRPJNOWRKQT UQRNMWJ Wc ORQUMW_N NQPR`L
TMRQ`KMWJ UQ`KWR d IJ 7_`VMTQPJ NOP`Q x SQ ^WUQ UQ`KWRN MJ
OPRPVVQV Xh ^WUMJY KLQ XPNQ Wc KLQ PRRWS d �J PJ Q^XQTTQT
^ PJMcWVT MJ 7_`VMTQPJ NOP`Q x Mc SQ _NQ KLQ NP^ Q `WJ`QOK

KW ^WUQ P KPJYQJK UQ`KWR KLQ RQN_ VK SWJ |K JQ`QNNPRMVh X Q P
KPJYQJK UQ`KWR d �WR OPRPVVQV KRPJNOWRK Wc KPJYQJK UQ`KWRN WJ
P ^ PJMcWVT SQ OPRPVVQV KRPJNOWRK KLQ UQ`KWR MJ MJ�JMKQNM^ PV
NKQON PN SQ TW MJ 7_`VMTQPJ NOP`Q PJT KLQJ MJ QP`L NKQO SQ
RQ^WUQ KLQ JWR^ PV `W^OWJQJK Wc KLQ KRPJNcQRRQT UQ`KWR N_`L
KLPK KLQ RQ^ PMJ MJY MN NKMVV KPJYQJK KW KLQ ^ PJMcWVT d �J KLQ
\KMQcQV ^ PJMcWVT SQ `PJ �JT KLQ OPRPVVQV KRPJNOWRKQT KPJYQJK
UQ`KWR : - cRW^ OWMJK �- KW �-� Æ cRW^

� : - � : -Õ Z) ] � �-Ó� = Z) ] Ç Z� d��]
SLQRQ Õ Z) ] PJT = Z)] PRQ WXKPMJQT _NMJY Qz_PKMWJ Z� dv	]
PJT Ó MN WXKPMJQT cWR^ Z� dv� ] d iLQ Qz_PKMWJ cWR _OTPKMJY
KLQ NQPR`L TMRQ`KMWJ MJ `WJa _YPKQ YRPTMQJK ^ QKLWT WUQR KLQ
\KMQcQV ^ PJMcWVT MN YMUQJ PN Î

: -� Æ � �� -� Æ / � - � : - Ç Z� d��]
SLQRQ � - � �� -� Æ Ç� -� Æ��� - Ç� - � Ç Z� d��]

PJT �� Æ Ç� È � RQORQNQJKN KLQ MJJQR ORWT_`K X QKSQQJ KSW KPJg
YQJK UQ`KWRN WJ KLQ \KMQcQV ^ PJMcWVT PJT MN TQ�JQT PN Î

�� Æ Ç� È � � . # Z� �Æ Z� � v
� �- � �- ]� È ] Ð Z� d��]

iLQ Qz_PKMWJ PXWUQ MN `W^^WJVh �JWSJ PN � VQK`LQRg
×QQUQN cWR^_VP d �JWKLQR Qz_PKMWJ cWR � MN KLQ �WVP�g× MX MQRQ
cWR^_VP YMUQJ PN Î� - � �� -� Æ � � - Ç� -� Æ��� - Ç� - � Ð Z� d�	]

� ~ C· 4 �G�F 2 ¹
IJ KLMN NQ`KMWJ SQ TQRMUQ P JQS PVYWRMKL^ cWR XVMJT NW_R`Q
NQOPRPKMWJ Wc MJNKPJKPJQW_N ^ MfK_RQN XPNQT WJ KLQ `RMKQg
RMWJ MJKRWT_`QT MJ Z� dv�] PJT KLQ WOKM^ MbPKMWJ ^ QKLWTN KLPK
SQRQ TMN`_NNQT MJ KLQ ORQUMW_N NQ`KMWJ d [Q`P_NQ SQ SPJK KW
_NQ NKQQO QNK TQN`QJK PJT `WJa_YPKQ YRPTMQJK WUQR KLQ \KMQcQV
^ PJMcWVT SQ JQQT KW `PV`_VPKQ KLQ YRPTMQJK Wc KLQ WXa Q`KMUQ
c_J`KMWJ WUQR KLQ ^ PJMcWVT d iW TW NW SQ �RNK �JT ��� x KLQ
^ PKRMf Wc KLQ OPRKMPV TQRMUPKMUQN Wc � Z�- ] S MKL RQNO Q`K KW
QVQ^ QJKN Wc �- d eQ LPUQ Î
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SLQRQ Ó � Z�] � Õ uÂ ZÄ ]Â ZÄ � �]� w d � WKM`Q KLPK LQRQ NMJ`Q
�- MN PJ _JMKPRh ^ PKRMf SQ LPUQ Î

. # ZÓ � Z�]] � . # ZÓ 
 Z�]] � ( � � Ç Z� d� v]
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SLQRQ ( MN P `WJNKPJK PJT MJTQOQJTQJK Wc �- d eQ PVNW �JT
KLPK Î

	 # Ë
 Z�]	 
 Ë
 � Z��-Ó 
 Z�]]Ë
 Z� d��]

\_XNKMK_KMJY PXWUQ Qz_PKMWJN MJ � d�� SQ `PJ NLWS KLQ
cWVVWS MJY cWR � Z�- ] Î

� �� � �� ��
 ! Æ � � Z�]�-Ó 
 Z�] Ç Z� d��]

SLQRQ

� � Z�] � �� � Z�] � (�Ê Ç Z� d�� ]
PJT � � Z�] RQORQNQJKN P TMPYWJPV ^ PKRMf SLWNQ TMPYWJPV QVg
Q^ QJKN PRQ KLQ NP^ Q PN TMPYWJPV QVQ^ QJKN Wc Ó � Z�] PJT �Ê
MN PJ JgXhgJ MTQJKMKh ^ PKRMf d [h MJNQRKMJY ��� MJ Z� d�� ] SQ
`PJ `PV`_ VPKQ KLQ YRPTMQJK Wc W_R WXa Q`KMUQ c_J`KMWJ WUQR KLQ
\KMQcQV ^ PJMcWVT d � cKQR TWMJY NW^ Q PVYQXRPM` ^ PJMO_VPKMWJN
SQ S MVV WXKPMJ Î

� - � � ��
 ! Æ

Z� � Z�]Ó � Z�] � Ó � Z�]� � Z�]]�- Z� d��]

ÖPUMJY KLQ YRPTMQJK Wc WXa Q`KMUQ c_J`KMWJ SQ `PJ JWS `PVg
`_VPKQ KLQ NQPR`L TMRQ`KMWJ _NMJY KLQ NKQQO QNK TQN`QJK WR
`WJa_YPKQ YRPTMQJK ^ QKLWTN x PJT KLQ _OTPKQ Wc � `PJ XQ
TWJQ KLRW_YL Qz_PKMWJN Z� dv�] xZ� dv�] PJT Z� dv	] d [QVWS MN
P N_^^PRh Wc KLQ PVYWRMKL^ _NMJY `WJa _YPKQ YRPTMQJK WUQR
\KMQcQV ^ PJMcWVT d

[\\ � VYWRMKL^ 3 NMJY ÌWJa _YPKQ
´RPTMQJK WJ \KMQcQV � PJMcWVT

E�¼� } ´MUQJ KLQ WXNQRUQT TPKP Í ZÄ ] cWR^ KLQ QNKM^ PKQT
`WUPRMPJ`Q ^ PKRMf �ÓÔ � Æ� �� � Æ

�! � Í ZÄ ]Í ZÄ ]� Z� J_^g
XQR Wc NP^OVQN] PJT `PV`_VPKQ KLQ QMYQJ TQ`W^OWNMg
KMWJ Î

�ÓÔ � Ø ÙØ �

E�¼�µ ÌPV`_ VPKQ KLQ SLMKQJ MJY ^ PKRMf � PN Î
� � Ù �ÆØ �

PJT POOVh � KW WXNQRUQT TPKP KW WXKPMJ KLQ SLMKQJQT
TPKP � ZÄ ] � � Í ZÄ ]d ÌPV`_ VPKQ KLQ QNKM^ PKQT `Wg
UPRMPJ`Q ^ PKRM`QN Ó 
 Z�] cRW^

�Ó 
 Z�] � v
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E�¼�0 IJ MKMPVMbQ �� KW NW^ Q RPJTW^ ^PKRMf N_`L KLPK � �� �� �
� PJT `PV`_VPKQ KLQ W_KO_K Â Z� ] � ��Í Z� ] d ÌPV`_VPKQ
KLQ QNKM^ PKQT W_KO_K `WUPRMPJ`Q ^ PKRM`QN cWR^

�Ó � Z�] � �� �Ó 
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E�¼�� ÌPV`_ VPKQ Î
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 � �� ��
 ! Æ � � Z�]�-Ó 
 Z�] Ç

SLQRQ � � Z� ] MN `PV`_ VPKQT cRW^ Z� d��] PJT cRW^ KLQRQ
`PV`_ VPKQ KLQ YRPTMQJK Î

� � � � �
 � �����
 �� Ç
PJT NQK : � � �� �

E�¼�� ÌLWWNQ P UPV_Q cWR ) Z� � ) � v] PJT `W^O_KQ KLQ
_OTPKQT UPV_Q Wc � cRW^ Î

� Æ � ��Õ Z) ] / < = Z)]
SLQRQ < PJT Ó PRQ KLQ �× TQ`W^OWNMKMWJ Wc Z� �
��� �� ]: � x Ï � � �� PJT Õ Z)] PJT = Z)] PRQ JgXhgJ
^ PKRM`QN `PV`_VPKQT cRW^ ^PKRMf QfOWJQJKMPV Î� Õ Z) ]= Z) ] � � 'Ò� �) � Ï �Ó�

Ó � � � �Ê� ��
E�¼�
 ÌW^O_KQ � Æ � �� � � � Æ���� � Æ
E�¼�� ÌW^O_KQ OPRPVVQV KRPJNOWRKQT KPJYQJK UQ`KWR : -cRW^ OWMJK �� KW OWMJK � Æ cRW^ Î

� : � : �Õ Z) ] � ��Ó� = Z) ]
PJT `W^O_KQ KLQ JQS NQPR`L TMRQ`KMWJ

: Æ � �� Æ / � � :
SLQRQ � � �� � � � Ç���� Ç��
PJT �� Æ Ç� È � � . # Z� �Æ Z� � ÆÈ � � � ]� È ] RQORQNQJKN KLQ
MJJQR ORWT_`K X QKSQQJ KSW KPJYQJK UQ`KWRN WJ \KMQcQV
^ PJMcWVT TQ�JQT Xh Z� d��] d

E�¼�� \QK �� � �Æ x : � � : Æ x � � � � Æ PJT RQO QPK NKQON
� � � d ×QNQK : Æ � �� Æ Mc KLQ J_^XQR Wc MKQRPKMWJN� WT J ZJg v]�� �� d iLQ MKQRPKMWJN `PJ XQ NKWOOQT
SLQJ �� � Ç��� � � SLQRQ � MN P N^ PVV O WNMKMUQ J_^XQR d

� ~ E�¹ �·CF��� G¸E�·FE
iW ^QPN_RQ KLQ OQRcWR^ PJ`Q Wc KLQ JQS PVYWRMKL^ PJT PVNW
KW `W^OPRQ KLQ NO QQT Wc `WJUQRYQJ`Q X QKSQQJ `WJa _YPKQ YRPg
TMQJK PJT YRPTMQJK TQN`QJK SQ POOVMQT KLQ PVYWRMKL^ KW XVMJT
NQOPRPKMWJ Wc TQKQR^ MJMNKM` NW_R`Q NMYJPVN d �WR KL MN O_ROWNQ
SQ _NQT NhJKLQKM` NMYJPVN YQJQRPKQT Xh cWVVWS MJY cWR^_VPN Î
Å Æ ZÄ ] � Å��� Z`WN Z��Ä ��� ]]
ÅÈ ZÄ ] � (� �#� ZÄ Ç v� Ç v��� Ç v���]
Å� ZÄ ] � NMJ Z��Ä �v� / � `WN Z��Ä ���]]
Å� ZÄ ] � NMJ Z��Ä �v�]
� MY_RQ Zv] NLWS N KLQ OVWK Wc KLQNQ NW_R`QN cWR v�� NP^OVQN d
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� MY_RQ vÎ \QK Wc WRMY MJPV NW_R`QN _NQT MJ KLQ QfOQRM^ QJK

eQ ^ MfQT KLQ NW_R`QN Xh P RPJTW^ Vh YQJQRPKQT ^ Mf MJY ^ Pg
KRMf Ï YMUQJ Xh Î
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� MY_RQ � Î \QK Wc RPJTW^ Vh ^ MfQT NW_R`QN ZWXNQRUQT NMYJPVN]

TQN`QJK PJT `WJa_YPKQ YRPTMQJK WJ \KMQcQV ^ PJMcWVT d IJ PVV
QfO QRM^ QJKN �� SPN MJMKMPVMbQT KW PJ MTQJKMKh ^ PKRMf d iW
QNKM^ PKQ KLQ `WUPRMPJ`Q ^ PKRM`QN MJ QP`L MKQRPKMWJ SQ _NQT
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� MY_RQ � Î \QK Wc W_KO_K NMYJPVN _NMJY �WVP�g× MX MQRQ `WJa _g
YPKQ YRPTMQJK ^ QKLWT

v���� NP^OVQN Wc TPKP d iLQ OQRcWR^ PJ`Q Wc NQOPRPKMWJ SPN
^ QPN_RQT _NMJY KLQ cWR^_VP Î
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SLQRQ � Ë
 MN KLQ Z� Ç & ]KL QVQ^ QJK Wc KLQ ^ PKRMf � � � � Ï d
�WKM`Q KLPK cWR _JMK OWSQR NW_R`QN x Qz_PKMWJ Z� d��] S MKL
YWWT POORWf M^ PKMWJ RQORQNQJKN KLQ PUQRPYQ MJKQRcQRQJ`Q KW
NMYJPV RPKMW cWR PVV KLQ W_KO_KN d � MY_RQ Z� ] NLWS N KLQ NO QQT
Wc `WJUQRYQJ`Q cWR YRPTMQJK TQN`QJK PJT KLQ `WJa _YPKQ YRPg
TMQJK ^ QKLWTN WUQR KLQ \KMQcQV ^ PJMcWVT d iLQ `_RUQN NLWS
KLQ RQT_`KMWJ Wc � ËÊ��Ô UQRN_N J_^XQR Wc MKQRPKMWJN d � N `PJ
XQ NQQJ cRW^ KLQ �Y_RQ x XWKL `WJa _YPKQ YRPTMQJK ^ QKLWTN
`WJUQRYQ PcKQR � MKQRPKMWJN d

� MY_RQ Z�] NLWS N KLQ W_KO_KN cWR KLQ �WVP�g× MX MQRQ `WJg
a _YPKQ YRPTMQJK ^ QKLWT d �N `PJ XQ NQQJ x KLQ W_KO_KN S MKL
YWWT POORWfM^ PKMWJ RQNQ^XVQ KLQ WRMYMJPV NW_R`QN d


 ~ H�� H·�E��� E
IJ KLMN OPOQR SQ POOVMQT P YQW^ QKRM`PV WOKM^ MbPKMWJ ^ QKLWT
KW XVMJT NW_R`Q NQOPRPKMWJ Z[\\] Wc NMYJPVN d iW TW KLMN
SQ �RNK NLWSQT KLPK KLQ [\\ ORWXVQ^ `PJ XQ ^WTQVVQT PN
PJ WOKM^ MbPKMWJ ORWXVQ^ S MKL PJ WRKLWYWJPVMKh `WJNKRPMJK d
iLQ WRKLWYWJPVMKh `WJNKRPMJK RQORQNQJKN P JWJVMJQPR NOP`Q
�JWSJ PN \KMQcQV ^ PJMcWVT d iLQ MTQP MN KLPK WRKLWJWR^ PV
`WJNKRPMJQT WOKM^ MbPKMWJ ORWXVQ^ N TQ�JQT MJ VMJQPR NOP`Q
`PJ XQ KRQPKQT PN PJ _J`WJNKRPMJQT WJQN WJ KLQ JWJVMJQPR
\KMQcQV ^ PJMcWVT d iW ^ MJM^ MbQ ZWR ^ PfM^ MbQ] P c_J`KMWJ WJ
KLQ \KMQcQV ^ PJMcWVT SQ `PJ _NQ NM^ MVPR ^ QKLWTN cWR _J`WJg
NKRPMJQT WOKM^ MbPKMWJ MJ VMJQPR NOP`Q x S MKL KLQ TM{QRQJ`Q
KLPK SQ JQQT KW _NQ TM{QRQJKMPV YQW^ QKRh KQ`LJMz_QN KW RQg
TQ�JQ WOQRPKMWJN N_`L PN YRPTMQJK x ÖQNNMPJ QK` dx KW POORWg
ORMPKQ WJQN WJ KLQ ^ PJMcWVT d [PNQT WJ KLQNQ MTQPN x SQ TQUQVg
WO QT PJ PTPOKMUQ PVYWRMKL^ SLM`L _NQN KLQ NKQQO QNK TQN`QJK
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Steepest Descent
Polak−Ribiere C.G.
Fletcher−Reeves C.G.

� MY_RQ � Î ÌWJUQRYQJ`Q O QRcWR^ PJ`Q cWR UPRMW_N cWR^ N Wc
WOKM^ MbPKMWJ WUQR KLQ \KMQcQV ^ PJMcWVT d

PJT `WJa _YPKQ YRPTMQJK ^ QKLWTN KW ^ PfM^ MbQ KLQ WXa Q`KMUQ
c_J`KMWJ d eQ TQ�JQT KLQ WXa Q`KMUQ c_J`KMWJ XPNQT WJ NQ`WJT
WRTQR ^W^QJKN Wc KLQ W_KO_K NMYJPVN d eQ POOVMQT KLQ JQS
PVYWRMKL^ cWR XVMJT NQOPRPKMWJ Wc TQKQR^ MJMNKM` NW_R`QN d iLQ
NM^_VPKMWJ RQN_VKN NLWSQT z_PTRPKM` `WJUQRYQJ`Q PJT YWWT
NQOPRPKMWJ OQRcWR^ PJ`Q cWR KLQ JQS PVYWRMKL^ d

� ~ CH���� ·¸� 4¹ ¸�FE
iLQ P_KLWRN PRQ YRPKQc_V cWR �JPJ`MPV N_OOWRK cRW^ KLQ cWVg
VWS MJY MJNKMK_KMWJN Î � MKQV ÌWROWRPKMWJ x � PJPKP x �JKPRMW x
ÌPJPTP x KLQ ÌQJKRQ cWR IJcWR^ PKMWJ iQ`LJWVWYh �JKPRMW
ZÌIi� ] x PJT KLQ � PK_RPV \`MQJ`QN PJT 7JYMJQQRMJY ×QNQPR`L
ÌW_J`MV Wc ÌPJPTP Z�\7×Ì]d Ö QVOc_V MJO_K cRW^ �RWc d iW^
�_W x Wc KLQ � QOPRK^ QJK Wc 7 VQ`KRM`PV PJT ÌW^O_KQR 7JYMg
JQQRMJY x � `� PNKQR 3JMUQRNMKhx MN PVNW P`�JWS VQTYQT d

� ~ G¸º¸G¸� H¸E
uvw � d 7TQV^ PJ x i d �RMPN x PJT \ d i d \^ MKL x �iLQ YQW^ QKRh

Wc PVYWRMKL^ N S MKL WRKLWYWJPVMKh `WJNKRPMJKN x� ���	

mjpkq � mk 	 qopr� �kq �
nrn qkt ��� �rlqormknx UWV d �� x
OO d ������� x �QX d v��	 d

u�w � d ÌW^WJ x �IJTQOQJTQJK `W^OWJQJK PJPVhNMN x � JQS
`WJ`QOK� x� � r�kq� � pmlsnnrk� x UWV d �� x OO d �	���v� x
v��� d

u�w � d ÌPRTWNW PJT [ d �PLQVT x �7z_MUPRMPJK PTPOKMUQ
NW_R`Q NQOPRPKMWJ x� � r�kq� � pmlsnnrk� x UWV d �� x
OO d �� v������ x � Q` d v��� d

u�w � d ÌPRTWNW PJT � d \W_VW_^ MP` x �[VMJT XQP^ cWR^ MJY
cWR JWJ ´P_NNMPJ NMYJPVN x� MJ � pml � ��� �� �m�� �� � �� �
�������x � Q` v��� d

u�w � d [QVW_`LRPJM x � d � QRPM^ x PJT � d ÌPRTWNW x �� XVMJT
NW_R`Q NQOPRPKMWJ KQ`LJMz_Q _NMJY NQ`WJT WRTQR NKPKMNg
KM`N x� � r�kq � � pmlsnnrk� x UWV d �� x OO d ������� x �QX d
v��� d

u�w � d  MPJY x � d � d � QRPM^ x PJT � d Ö_P x ��TPOKMUQ X VMJT
NW_R`Q NQOPRPKMWJ Xh NQ`WJT WRTQR NKPKMNKM` PJT JPK_g
RPV YRPTMQJK x� MJ � pml � � !� ��� �m�� " �� � �#����#��x
Z� PR`L ] x � Q` v��� d

u�w � d × PLXPR PJT � d � d × QMVVhx �[VMJT \W_R`Q \QOPRPg
KMWJ [h � MJ M^ MbPKMWJ Wc �_K_PV IJcWR^ PKMWJ × PKQ Î
� NQ`WJT �RTQR \KPKMNKM`N �OORWP`L x� MJ �j$% roost om
� !� ��� x �_JQ ���� d

u	w � d iWJY x × d � M_ x & d \WWJ x PJT � d Ö_PJY x �IJTQg
KQR^ MJP`h PJT MTQJKM�PXMVMKh Wc X VMJT MTQJKM�`PKMWJ x�
���� 'pqknqlormkn mk !rpljron qkt �
nos% nx UWV d �	 x
OO d ������� x � Ph v��vd

u�w ´ d ´WV_X PJT Ì d &PJ�WPJ x 	 qopr� !m%� joqormknd [PVg
KM^ WRQ PJT �WJTWJ Î �WLJ ÖWO�MJN x KL MRT QT dx v��� d

uv�w � d [QRKNQ�PN x ( mk �rk sqp � pm� pq%% rk� d [QV^ WJK � PNN dÎ
�KLQJP \`MQJKM�` x NQ`WJT QT dx v��� d


