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ABSTRACT

The α-logarithm is an extension of the logarithm which
contains the usual logarithm as the special case of α =
−1. Usage of information measures based upon this ex-
tended logarithm is expected to be effective to speedup
of convergence, i.e., to the improvement of learning ap-
titude. In this paper, speedup of the mutual-info-min
ICA is investigated. The method is based upon the
minimization of the α-mutual information expressed by
the α-divergence. Therein, two main strategies of ex-
ploiting the past and future information are presented.
The first one uses causal computation. This leads to
the momentum α-ICA. The other exploits prediction
for non-causal part. This gives the turbo α-ICA. It is
also possible to devise orthogonal versions which can
possibly suppress null signals. Examples are shown on
sample-based α-ICA’s in the batch mode. The usage of
the α-dependent strategies shows remarkable speedup
with only a little extra complexity.

1. INTRODUCTION
Logarithm has been widely used for measuring amount
of information such as entropy, mutual information and
Kullback-Leibler divergence (KL-divergence). Among
them, the KL-divergence contains mutual information
and entropy as its special cases [1]. This relation-
ship played the main role in deriving the entropy-max
Independent Component Analysis (entropy-max ICA)
[2]. This maximization is closely related to the min-
imization of mutual information [3]. Since the mu-
tual information is a special case of the KL-divergence,
the mutual-info-min ICA can be regarded as a KL-
divergence-min ICA.

As was mentioned above, the KL-divergence is based
on the logarithm. On the other hand, there is a class
of extended logarithm which can define meaningful in-
formation measures. This is the α-logarithm [4], [5]
which includes the usual logarithm as the special case
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of α = −1. The α-logarithm has been successfully ap-
plied to the speedup of the EM algorithm (Expectation-
Maximization algorithm) [4], [5]. This is because the
convexity of the optimizing function can be controlled
by the parameter α. Therefore, we can expect that the
usage of the α-logarithm will be meritorious to speedup
of the ICA. In the subsequent sections, this anticipa-
tion is positively answered by giving the following al-
gorithms:

(a) Momentum α-ICA,

(b) Turbo α-ICA,

(c) Orthogonal momentum α-ICA,

(d) Orthogonal turbo α-ICA.

(d0) Purely orthogonal turbo α-ICA

(d1) Combined turbo α-ICA

(d2) Orthogonal look-ahead turbo α-ICA

All of these algorithms with α = −1 are reduced to
the logarithmic case. The complexity of the presented
methods is only a little higher than the logarithmic
case. Yet, obtained speedup is remarkable. Experi-
ments will show this evidence.

Before stepping into mathematical derivations of
algorithms, we comment the usage of typographical
fonts. Bold fonts for vectors will not be used in this
paper. This is to avoid complicated boldface suffices
so that expressions look simpler. Instead, careful com-
ments will be given where misleading might occur.

2. α-DIVERGENCE AND INDEPENDENCE
2.1. α-Logarithm and α-Divergence

The α-logarithm L(α)(x) is defined as follows [4], [5].

L(α)(x) = 2
1+α

(x
1+α

2 − 1) (1)

This L(α)(x) includes loge x as the special case of α =
−1. The α-logarithm inherits convexity of the loga-
rithm controlled by the parameter α [5].

The α-divergence between probability densities p
and q is defined as follows [6], [7], [8].

D(α)(p‖q) = 4
1−α2

{

1 −
∫

Y
p(q/p)

1+α

2 dy
}

≥ 0 (2)



298

This informational amount reflects the distance between
p(y) and q(y). It is non-negative and is equal to zero if
and only if p(y) = q(y) almost everywhere with respect
to y ∈ Y = RK .

2.2. α-Mutual Information
Mutual information is an amount of information which
measures independence among random variables. There-
fore, it was used in deriving the mutual-info-min ICA
[3]. It is a well-known fact of importance that the mu-
tual information is a special case of the KL-divergence
[1]. Thus, the mutual-info-min approach can be inter-
preted as the minimization of the KL-divergence. This
is the clue to obtain the class of α-ICA’s itemized as
(a) - (d) in Section I.

Inheriting the property of the mutual information,
the α-mutual information can be defined as follows.

I(α)(∧K
i=1Yi) = D(α)

(

p(y1, . . . , yK)
∥

∥

∥

∏K
i=1 qi(yi)

)

(3)

The symbol “∧” is adopted instead of the symbol “;”
which appears in standard references [1]. Note that the
case of α = −1 is reduced to the usual mutual infor-
mation. The class of α-ICA algorithms is derived using
this I(α)(∧K

i=1Yi). This looks a little bit complicated.
But, resulting algorithms are simple to implement.

3. α-INDEPENDENT COMPONENT
ANALYSIS

3.1. Derivation of the α-ICA

We denote the α-mutual information as follows for sim-
plicity:

D(α)
(

p(y)
∥

∥q(y)
) def

= D(α)
(

p(y1, . . . , yK)
∥

∥

∏K
i=1 qi(yi)

)

= I(α)(∧K
i=1Yi). (4)

In the problem of ICA, we can observe a set of ran-
dom vectors

X(t) = col [X1(t), . . . ,XK(t)], (t = 1, . . . , N). (5)

Usually, the components Xi(t) and Xj(t) are not inde-
pendent each other. Thus, we want to find a matrix
W = ΛΠA−1 so that components of

WX(t)
def
= Y (t) = col [Y1(t), . . . , YK(t)] (6)

are independent each other for t = 1, . . . , N . Here, the
matrix A−1 gives

A−1X(t) = S(t) (7)

where
S(t) = col [S1(t), . . . , SK(t)] (8)

is unknown except that its columns are independent.
Λ is a nonsingular diagonal matrix and Π is a permu-
tation matrix. Both are also unknown.

The matrix W can be found by minimizing the
above α-mutual information in the form of the α-
divergence. A plain gradient descent method can be
obtained by computing the gradient of

I(α)(∧K
i=1Yi) = 4

1−α2

[

1 −
∫

Y
p(y)

{
∏

N

i=1
qi(yi)

p(y)

}

1+α

2

dy

]

= 4
1−α2

[

1 −
∫

X p(x)

{

|W |
∏

N

i=1
qi(yi)

p(x)

}

1+α

2

dx

]

. (9)

Then, the negative gradient is as follows.

−∇I (α)(∧K
i=1Yi)

def
= −

∂I(α)(∧K
i=1Yi)

∂W
= 2

1−α

∫

X
p(x)

×

{

|W |
∏

K

i=1
qi(yi)

p(x)

}

1+α

2
{

W−T− ϕ(y)xT
}

dx (10)

Here,

−ϕ(y) = col
[{

q′

1(y1)
q1(y1)

, . . . ,
q′

K
(yK)

qK(yK)

}]

. (11)

This form has been investigated after [9] by many re-
searchers [2], [3]. Since we obtained the negative gra-
dient (10), a simple form of the update equation is

W [t + 1] = W [t] + ∆(α)W [t] (12)

with

∆(α)W [t] = ρt

{

−∇I (α)(∧K
i=1Yi)

}

W=W (t)
. (13)

Here, t is the index for iteration and ρt is a learning
rate.

3.2. α-Natural Gradient

Here, we pay attention to the natural gradient [11] for
its role as the reduction of the computational com-
plexity on the update term (13). The natural gradi-
ent is related to the Fisher information matrix, say
G(W ). Note that the α-version of the information ma-
trix M (α)(W ) has a relationship [4], [5] such that

M (α)(W ) = 1−α
2 G(W ). (14)

Therefore, we have the α-version’s natural gradient by
multiplying 1−α

2 WT W to the above gradient of (10).

−∇̃(α)I(α)(∧K
i=1Yi)

def
= −

∂I(α)(∧K

i=1Yi)
∂W

(

1−α
2

WT W
)

=
∫

Y
p(y)

{

q(y)
p(y)

}

1+α

2

(I − ϕ(y)yT )dy W (15)

Therefore, we use

∆̃(α)W = ρt

{

−∇̃(α)I(α)(∧K
i=1Yi)

}

(16)
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as the update amount instead of Equation (13). This
is the basic update equation from which all of the α-
versions of the ICA algorithms are derived. But, it still
contains an unknown probability density q(y). There-
fore, further modifications are necessary in order to ob-
tain concrete algorithms.

4. IMPLEMENTATION OF THE α-ICA
4.1. Expansion of the α-Dependent Term

First, we expand the integrand of (15).

0 ≤
{

q(y)
p(y)

}

1+α

2

≈ 1−α
2 + 1+α

2
q(y)
p(y) (17)

Therefore, we have

−∇̃(α)I(α)(∧K
i=1Yi) ≈ ρt

1−α
2

{

I − Ep(y)[ϕ(y)yT ]
}

W

+ρt
1+α

2

{

I − Eq(y)[ϕ(y)yT ]
}

W. (18)

This equation is close to the final implementation based
on observed samples since it is a summation of two
types of expectations. But, it still contains an unknown
probability density q(y). Therefore, further modifica-
tions are necessary towards truly implementable com-
puter algorithms. In the following subsections, we give
effective approximations to this q(y).

4.2. Causal Realization as the Momentum α-
ICA
First, we observe that q(y) is the target function of p(t)
such that

q(y) = lim
t→∞

p(t)(y) (19)

under an appropriate convergence criterion (e.g., the
vague convergence). Then, there is a causal approxi-
mation at the t-th iteration such that

q(y) ≈ p(t)(y) and p(y) = p(t−τ)(y). (20)

By this approximation, we have the following sample-
based learning algorithm.

[Momentum α-ICA: Algorithm of type (a)]
If we use q(y) as p(t)(y) and p(y) as p(t−τ)(y) at

the t-th iteration, then the sample-based learning is as
follows.

∆̃(α)W (t) = ∆̃W (t) + 1−α
1+α

∆̃W (t − τ )

= ρt

{

I − ϕ(Y (t))Y (t)T
}

W (t)

+ 1−α
1+α

ρt

{

I − ϕ(Y (t − τ ))Y (t − τ )T
}

W (t − τ ) (21)

Thus, we added a momentum term ∆̃W (t−τ ) weighted
by α. Note that

∆̃W (t) = ∆̃(−1)W (t) (22)

since α = −1 is the case of the logarithm.

4.3. Non-causal Realization as the Turbo α-ICA
There is a non-causal approximation at the t-th itera-
tion such that

q(y) ≈ p(t+τ)(y) and p(y) = p(t)(y). (23)

Then, we have the following sample-based learning al-
gorithm.

[α-Turbo method (α-Look-ahead method): Al-
gorithm of type (b)]

∆̃(α)W (t) = ∆̃W (t) + 1+α
1−α

∆̃Ŵ (t + τ )

= ρt

{

I − ϕ(Y (t))Y (t)T
}

W (t)

+ 1+α
1−α

ρt

{

I − ϕ(Ŷ (t + τ ))Ŷ (t + τ )T
}

Ŵ (t + τ ) (24)

Here, the look-ahead terms Ŵ (t + τ ) and Ŷ (t + τ ) are
estimations of W (t+τ ) and Y (t+τ ) using the usual log-
version. Thus, we added a predicted term ∆̃Ŵ (t + τ )
weighted by α.

We comment here that there is a duality in α be-
tween Equations (21) and (24). This is an inherited
property from the α-divergence. We also note in ad-
vance that τ = 1 works effectively enough for both
causal and non-causal methods in spite of the asymp-
totic relationship (19).

5. ORTHOGONAL α-ICA
Amari et al. [10] introduced an orthogonal ICA which

is expected to suppress zero-power fake signals. The
idea is to find an update term, say ∆̃+W , which is
orthogonal to ∆̃W so that

< ∆̃W, ∆̃+W >W = 0. (25)

Such an update term ∆̃+W is obtained as follows. Let

Λ = diag [λi]
K
i=1 (26)

is a non-singular diagonal matrix. Let

W + ∆̃W = (I + dΛ)W. (27)

Then,
∆̃+W = ρ{Λ − ϕ(y)yT }W (28)

such that

Λ = diag [ϕi(yi)yi]
K
i=1. (29)

Therefore, we have the following four types of orthog-
onal α-ICA algorithms.

[Orthogonal momentum α-ICA: Algorithm of
type (c)]
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If we use q(y) as p(t)(y) and p(y) as p(t−τ)(y) at
the t-th iteration, then the sample-based learning is as
follows.

∆̃(α)+W (t) = ∆̃+W (t) + 1−α
1+α

∆̃+W (t − τ )

= ρt

{

Λ(t) − ϕ(Y (t))Y (t)T
}

W (t) + 1−α
1+α

ρt

×
{

Λ(t − τ ) − ϕ(Y (t − τ ))Y (t − τ )T
}

W (t − τ ) (30)

[α-Turbo methods (α-Look-ahead methods):
Algorithms of types (d0)∼ (d2)]

The update term is as follows.

∆̃(α)+W (t) = ∆̃+W (t) + 1+α
1−α

∆̃+Ŵ (t + τ )

= ρt

{

Γ(t) − ϕ(Y (t))Y (t)T
}

W (t) + 1+α
1−α

ρt

×
{

Ω̂(t + τ ) − ϕ(Ŷ (t + τ ))Ŷ (t + τ )T
}

Ŵ (t + τ )(31)

Here, the matrices Γ(t) and Ω̂(t + τ ) are as follows.

(d0) Γ(t) = Λ(t) and Ω̂(t+ τ ) = Λ̂(t+ τ ) give a purely
orthogonal turbo α-ICA.

(d1) Γ(t) = I and Ω̂(t + τ ) = Λ̂(t + τ ) give a hybrid
turbo α-ICA of type I.

(d2) Γ(t) = Λ(t) and Ω̂(t + τ ) = I give a hybrid turbo
α-ICA of type II.

6. SPEEDUP EVALUATION BY
EXPERIMENTS

6.1. Benchmark Problems

All of the expectations in the update equations are re-
placed by 1

T

∑T
i=1[·] where T is the number of samples

in a selected window. Thus, the algorithms are evalu-
ated in their batch modes. We chose mixtures of time
series [3] as benchmarking problems. The nonlinearity
of ϕ(y) = y3 [9] was used. The convergence speed was
measured by the cross-talking error U [3] which checks
the closeness of

Z = [zij ] = WA (32)

to the matrix ΛΠ.

U =
∑K

i=1

{

(maxk |zik|)
−1

∑K
j=1 |zij | − 1

}

+
∑K

j=1

{

(maxk |zkj |)
−1

∑K
i=1 |zij | − 1

}

(33)

Experiments were started with generating five mix-
ture signals as in Fig. 1 from four true sources. Thus,
there is one null source. First, we summarize the con-
vergence speed. The learning rate was ρt = 0.1. Fig.
2 is the speed of the momentum method for various
α. Fig. 3 is the case of the turbo method for vari-
ous α. The horizontal axes are numbers of iterations.

The vertical axes are the cross-talking errors of (33).
Both the α-momentum and the α-turbo methods ef-
fectively sped up the learning. We can observe that
the α-turbo method is more meritorious than the α-
momentum method. Around six times speedup over
the plain log-version can be observed. The extra com-
plexity for the look-ahead of the α-turbo ICA can be
reduced to a fraction of the total complexity of ∆̃W (t).
This can be done by choosing the window length of the
look-ahead smaller than that of ∆̃W (t). Fig. 4 illus-
trates separated signals. Since there were four true
sources, there is one ghost signal which is located as
the top waveform.

Next, we check the cases of the orthogonal updates.
Fig. 5 is the case of the orthogonal momentum α-ICA.
Fig. 6 shows the convergence of the purely orthogo-
nal turbo α-ICA. Speedup of the turbo α-method is
again remarkable. But, these orthogonal methods re-
quire much more iterations than the cases of Fig. 2 and
3. This is because diagonal terms of the update matri-
ces are all zero in the case of the orthogonal methods.
Fig. 7 shows separated signals by this purely orthogo-
nal turbo α-ICA. In this case, the third signal can be
identified as a null signal. But, such a separation is not
always successful.

Next, we check the hybrid methods. Fig. 8 is the
convergence curve of the hybrid turbo α-ICA of type I.
Fig. 9 shows the convergence of the orthogonal turbo
α-ICA of type II. Speedup tendencies are the same as
Fig. 2 and 3. In these cases, recovered signals are
almost the same as Fig. 4.

7. CONCLUDING REMARKS

We showed efficient usage of the α-logarithm to the
independent component analysis. There are several ef-
fective variants of the α-ICA method. They are sum-
marized in Table I.

Table I Classification of the α-ICA algorithms.
realization momentum turbo hybrid

basic (a) (b) (d1)
orthogonal (c) (d0) (d2)

Among them, we found that the class of turbo α-ICA
algorithms are very effective on the speedup. This ob-
servation is valid for both basic and orthogonal cases
of (b) and (d0).

We had another observation. Purely orthogonal up-
dates of (c) and (d0) are much slower than the basic
methods of (a) and (b). This is due to the lack of the
diagonal terms. But, the purely orthogonal methods
have the possibility to suppress the appearance of fake
signals. Yet, this ability is not always promised.

The hybrid methods showed similar speed to the
cases (a) and (b). But, a ghost signal appeared. Thus,
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our recommendation is (i) the α-turbo ICA of type (b),
and then (ii) the α-momentum ICA of type (a).

The remarkable speedup of the ICA with only a lit-
tle additional complexity is quite meritorious to the
extraction of independent components from gigantic
source data. Results on this issue will be reported at
the presentation and/or forthcoming papers.

In closing this paper, we note that the speedup by
the α-logarithm is a general property beyond individual
problems [12]. For instance, the speedup can also be
observed in the α-EM algorithms [4], [5].
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Fig. 1 Mixed source signals.
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Fig. 2 Momentum α-ICA.
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Fig. 3 Turbo α-ICA.
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Fig. 5 Orthogonal momentum α-ICA.
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Fig. 6 Orthogonal turbo α-ICA.
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Fig. 7 Waveforms by orthogonal turbo α-ICA.
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Fig. 8 Hybrid turbo α-ICA of type I.
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Fig. 9 Hybrid turbo α-ICA of type II.


