A SYSTEM-THEORETIC FOUNDATION FOR BLIND SIGNAL SEPARATION OFMIMO-FIR CONVOLUTIVE MIXTURES Ð A REVIEWRuey-wen Liu1, Yujiro Inouye2 and Hui Luo3

1 University of Notre Dame, Notre Dame, IN 46556, USA. Email: liu.1@nd.edu2 Shimane University, 1060 Nishi-Kawatsu, Matsue Shimane 690-8504, Japan. Email: inouye@riko.shimane-u.ac.jp3 AT&T Research Lab, Red Bank, NJ 07701, USA. Email: luo@research.att.comAbstractThe blind demixer (blind signal separation)of a convolutive mixture is investigated. Wefirst present the characterization of reversiblemixers (systems), the broadest class for thepurpose of demixing. We then presented theexistence of a fundamental factorizationproperty, called the irreducible-paraunitaryfactorization. Based on these fact, we showthe limitation of second-order statistics (SOS)for blind demixing when the source signals arewhite. We then show a sufficient conditionfor blind demixing by use of higher orderstatistics. We also present a sufficientcondition by use of temporal SOS when thesignals are not whiteIndex Terms: Blind signal separation, Blinddeconvolution, MIMO-FIR systems,Independent Component Analysis. Higherorder statistics.I. IntroductionBlind Signal Separation (BSS) was firstproposed by Jutten and Herault [1], and laterPrinciple Component Analysis (ICA) wasinitiated by Comon [2]. A good review ofthese subject is given by Cardoso [3], togetherwith extensive references. The investigationof these subject at early stage was concentratedon constant mixers. It then evolved t o convolutive mixer but with signal sourcesignal. See a good review paper on this subjectby L. Tong [4]. Some recent papers [5] Ð [9]considered the case of MIMO convolutivemixers, but they all considered a class ofmixers, called the irreducible mixers.However, irreducible mixers are too restrictivefor many applications. It implies that sourcesignals transmitted by different users have t o be received simultaneously by an antennaarray. This requirement is very restrictive inmobile communications, where source signalsmay reach the antenna array with differentdelays.We considered the class of FIRconvolutive mixers (systems), called reversiblemixers, the broadest class for the purpose ofdemixing. The technique used for irreduciblemixers are heavily based on a systemtheoretical foundation on irreducible systemsby Forney [10]. Since no such foundation forreversible mixers can be found in the literature,these techniques can not be directly extendedto the case of reversible mixers. In this paper, we first present acharacterization of reversible mixers. Animportant factorization theorem, called theirreducible-paraunitary factorization, is thenpresented.Based on this decomposition, we presenteda limitation of the second order statistic forblind demixing, which states that the best SOScan do is to blindly deconvolve the mixers.We also give the set of reversible mixers in anexplicit form that can be blindly deconvolvedby use only second order statistics. This setincludes the irreducible channels as presentedby other authors. We also present two (verytight) sufficient conditions for blind demixing, one using higher order statistics, and one usingSOS temporal statistics.II. PreliminariesThe concepts to be presented below have beenused by many authors with different names.We try to investigate this subject in a formalway.Let

Czm n[ ]´

denote the set of

mń

polynomial matrices in z with coefficients inC. We are particularly interested in the casewhen z is the delayed operator, i.e.,

zxtxt( ) ( )= - 1

, and in this case, each entryrepresents a finite impulse response (FIR)filter. We also denote

L( )z

a diagonal matrixwith monic monomial diagonal elements, i.e.,

zl

for some

l³ 0

. Finally, we denote

AandAH T, *

the Hermitian, the transpose,the complex-conjugate of A respectively.A square matrix

GzCzn n( ) [ ]Î´

is said tobe transparent if it has a decomposition of theform:

GzPDz( ) ( )= L

, (1)where P is a permutation matrix and D aregular diagonal constant matrix. When twosignals z(t) and s(t) are related by a transparentmatrix G(z),

ytGzst( ) ( ) ( )=

, (2)they are essentially the same except for apermutation ambiguity, an amplitudeambiguity, and a delay ambiguity. Hence,transparency is a weaker form of identity.A matrix

HzCzm n( ) [ ]Î´

is said to bereversible if there exists

WzCzm n( ) [ ]Î´

suchthat the product

GzWzHzT( ) : ( ) ( )=

(3)is transparent, i.e., satisfies (1). Hencereversibility is a weaker form of invertibility.The subject of invertible matrices has beenwell studies in the literature, but much less sofor reversible matrices.The above discussion is related to a mixer-filter combination. Let x(t) and s(t) be relatedby

xtHzst( ) ( ) ( )=

(4)where s(t) is the source signal,

the mixer (or mixing matrix),and x(t) the mixer output. The mixer outputy(t) is a constant or convolutive mixture of s(t)if H(z) is respectively a constant or a non-constant polynomial matrix. To process x(t),we cascade it with

, called afilter. Its input/output relation is described by

ytWzxtT( ) ( ) ( )=

(5) where y(t) is the filter output. The overallresponse of the mixer-filter combination isdescribed by

(6)where

GzWzHzT( ): ( ) ( )=

is the totalsystem.In relation to a mixer

Hz( )

we want todesign a filter

Wz( )

so that total system

Gz( )

achieves certain objective. The objective forblind demixing is for G(z) to be transparent,and the filter W(z) that achieved it is called thedemixer. Demixing is a weaker form ofinversion. The adjective blind stresses thefact that this is accomplished with no or littleknowledge of the mixing matrix H(z) and thesignal s(t).The terminology chosen here areapplication-independent. Other terminologyhas been used for specific applications. Forexample, ÒreversibleÓ has been calledÒequalizableÓ for communicationapplications. Demixing is often called signalseparation in signal processing applications.III. A System Theoretic Study ofDemixing of Convolutive MixturesLet us first investigate the characterization ofreversible matrices. Another concept calledirreducible matrices that is well investigated

[10], [11] and well applied [5] Ð [9]. Since thecharacterization of these two kinds ofmatrices are very similar, it is instructive toput them together in one theorem,Theorem 1 (Characterization of reversible andirreducible matrices): A necessary andsufficient condition for a matrix

HzCzm n( ) [ ]Î´

to be reversible (or,irreducible) if and only if one of the followingequivalent conditions is satisfied:a) The rank

Hn( )l =

for all nonzero

lÎ C

(or, for all

)b) The Smith form of H(z) has the form:

UzHzVzz( ) ( ) ( ) ( )= éëê ùûúL 0

, (or, =

I0éëê ùûú

)where U(z) and V(z) are unimodularmatrices.c) There exists a reversible (or, irreducible)

WzCzm n( ) [ ]Î´

such that

WzHzT ( ) ( ) = lI

for some

l³ 0

(or, for

l= 0

).d) The GCD of all the

ń

minors of

Hz( )

is

zl

for some

(or,

).The part of the Theorem on irreduciblemixers can be found in Forney [10] or Kailath[11]. The part on reversible mixers can befound scattered places, also can be easilyderived.Comparing Condition (a), clearlyirreducible matrices is a subset of reversiblematrices. Although these two sets of matricesare very close in their mathematicaldescriptions, they are very different in theirdomain of applications. Note that Condition(a) implies that H(0) is of full column rank forirreducible matrices. Since H(0) is also theleading coefficient matrix of H(z), it impliesthat the signals from all sources have to arriveat an antenna array (the receivers) at the sametime. This condition is too restrictive forsome communication applications. On theother hand, H(0) need not be of full column-rank for reversible matrices and they canadmit the case when signals arrive receiversrandomly. For this reason, it is important toinvestigate the case of reversible matrices.The relation between reversible matricesand irreducible matrices is shown in the nexttheorem. Let us first recall that a squarepolynomial matrix

HzCzP n n( ) [ ]Î´

is said tobe paraunitary if it is unitary on the unitcycle, i.e.,

HeHeIP j PH j( ) ( )- - =w w w forall

;and it is said to be unimodular if itsdeterminant is a nonzero constant.Theorem 2 (Irreducible-ParaunitaryFactorization) [18], [19]: Any reversiblepolynomial matrix

HzCzm n( ) Î [ ]´

can befactorized as follows:

HzHzHzI P( ) ( ) ( ),=

(7)where

HzI ( )

is irreducible and

Hzp ( )

isparaunitary. Moreover, the abovefactorization is unique up to the multiplicationof a unitary matrix

UCn nÎ´

.The fact that U is constant is nontrivial.Theorem 2 provides a system theoreticalfoundation for the investigation of the mixingmatrices that are reversible. Incommunication, such mixing matrices haveapplications including, for example, Rayleigh-fading channels in a mobile communicationsystem in which the signals arrive randomlywith delays together with unknown channelorders.Finally, the order of the demixer isinvestigated. Let the order of the mixingmatrix H(z) be bounded by

LH

. It can beshown that there exists a demixer

Wz( )

withorder less or equal to

LnLW H= -2 1

, where nis the number of sources [18].IV. Conditions and Limitations for BlindDemixingIn this section, we first show in Theorem 3that SOS is not enough for the demixing of aconvolutive mixture. The best it can do isdeconvolve the mixer. The exact set ofreversible mixers that can be deconvolved

blindly by SOS is presented. A (very tight)sufficient condition for blind demixing by useof higher order statistics is given in Theorem4. Another (very tight) sufficient conditionfor blind demixing by use of SOS Temporalstatistics is given in Theorem 5. First we willshow that why the SOS techniques used forirreducible mixer failed for reversible mixers. The case for irreducible (or, reversible)mixers

HzCzm n( ) [ ]Î´

can be summarized by aBezout-type Identity as follows.

WzWzHzHzzITBT C( )( ) ( ) ( )éëê ùûú [ ] = l

(8)for

l= 0

(for some

l³ 0

). In this identity,several system theoretical results are used.First, given an irreducible (or, reversible)

, there exists an irreducible (or,reversible)

HzCzC m m n( ) [ ] ( )Î ´ -

such that thesquare matrix

HzHzCzC m m( ) ( ) [ ][ ] Î´

isunimodular (or, reversible). As such, thereexists an unimodular (or, reversible)

WzWzCzTBT m m( )( ) [ ]éëê ùûú Î´

such that the BezoutIdentity is satisfied. This matrix equationimplies that

Wz( )

is a demixer and

WzB( )

called a blocker for

Hz( )

, becauserespectively, they satisfy

WzHzT( ) ( ) = lI

and

WzHzBT ( ) ( ) = 0

. The key step for blindtechnique shows that a blocker

can beobtained blindly by second order statistics, suchas by a subspace method [5,6]. Since the spacespanned by the columns of is theorthogonal complement of that of

, itcan be uniquely identified once isobtained. The final step depends heavily on asystem theoretic theorem by Forney [10] thatwhen H(z) is irreducible and column-reduced,its range space uniquely determines its columnsup to a constant matrix. It concludes thatH(z) can be blindly identified up to a constantmatrix by SOS techniques, if it is irreducibleand column reduced. However, since there isno similar result for reversible mixers, thisblind technique can no longer be applied to

that is reversible but not irreducible.A different blind technique will beintroduced here. Instead of identify

firstand then find a demixer for it, we propose toapproach the problem directly, i.e., study thetotal system G(z) directly. First, define a filter

WzCzm n( ) [ ]Î´

, called a deconvolver, if itsatisfies

GzWzHzCzT( ): ( ) ( ) ( )= = L

(9)where C is a regular constant matrix. Adeconvolver eliminates the dynamically mixedeffect of the mixer

, but it is weakerthan a demixer. The following theorem is amodification of a result given in [18], [19].Theorem 3: Let be reversibleand let the source signal {s(t)} be zero-meanand its SOS satisfy the following,

EstkstIktH{( ) ( )} ( ),+ = "d

(10)where

dk( )

is the Kronecker delta, i.e., it isnormalized and uncorrelated both temporallyand spatially. Then, it can be deconvolved bySOS if and only if the mixer has the form

HzHzUzI( ) ( ) ( )= L

.(11)The proof is essentially given in [19]. It isgiven here to show that the factorizationtheorem (Theorem 2) is critical for theinvestigation.Proof: Since the input signal is uncorrelatedboth temporally and spatially, it is necessarythat the output y(t) of the filter is whitened inorder to deconvolve

. As such, the totalsystem has the form

GzWzHzDHzT P( ): ( ) ( ) Ä ( )= =

(12)where D is a regular diagonal constant matrix,and

Ä()[]H p C z n nÎ´

is paraunitary. This can beachieved by using SOS technique such as alinear predictor, and in which the filter W(z) isirreducible [18], [19]. This equationrepresents all the information can be obtainedby SOS, under the assumption of (8) and withthe objective of deconvolving H(z). Using the

irreducible filter

W z^I ( )

and the decomposition

HzHzHzI P( ) ( ) ( )=

, the above equationbecomes

WzHzHzDHzIT I P P( ) ( ) ( ) Ä ( )=

(13)Since both sides of it are an irreducible-paraunitary decomposition, by the uniquenesstheorem of theorem 2, there exists a unitarymatrix

ÃU

, such that

WzHzDUIT I( ) ( ) Ã=

.(14)and

HzUHzP H P( ) Ã Ä ( )=

(15)Now, suppose that (11) is satisfied. Substituteit to (14), we have

WzHzDUzIT ( ) ( ) Ã ( )= L

which has the form of (9). Hence, the systemis deconvolved. On the other hand, let it bedeconvolved. Comparing (9) and (12), wehave

DHzCzPÄ ( ) ( )= L

. Substitute it into(15), we have

HzUHzUDCzP H H( ) Ã Ä ( ) Ã ( )= = - 1 L

where (

ÃU D CH - 1

) is unitary. The theorem isproved.This shows the limitation of SOS. Whenthe input sequence is white, the best second-order statistics can do is to deconvolve themixer, and this can be done only to a specialclass of reversible mixers. One must us higherorder statistics for the demixing. It issurprising that we do not need to many higherorder statistics in order to demixing thereversible mixers.Theorem 4 [14], [15]: Under the hypothesesof theorem 3, if in addition the source signalss(t) are spatially fourth-order white, then G(z)is transparent if and only if y(t) satisfies thesame condition as that for s(t), i.e., temporallywhite and spatially second- and fourth-orderuncorrelated.Both theorem 3 and 4 concern the casewhen temporal statistics of the signals s(t) arezero, i.e., white. When the temporal statisticsof the signals are non-zero, blind demixingactually can be achieved by using only SOS, tobe presented as follows.Recall the total system described by (6),

ytGzst( ) ( ) ( )=

Denote the correlation functions by

rEststi i i( ) { ( ) *( )}t t= -

and

rti i iE y t y t( ) { () *( )}= -

. Let L denote abound of the order of G(z). Let

W

denote theset of autocorrelation functions of the sourcesignal s(t).

W= - = = ± ±{ ( ) , ..., ; , , ..., }r k i n k Li t 1 0 1

Theorem 5 [20]: Let

GzCzn n( ) [ ]Î´

. Let theset of autocorrelation functions in

W

belinearly independent. Then for each

in= 1 2, , , ,L

ytdzsti ii1( ) ( )= l

for some

di

and

li³0

if and only if

rt1( ) ( )= ri

.Corollary 5.1: Under the hypotheses ofTheorem 5, G(z) is transparent if and only ifthe autocorrelation functions of y(t) is thesame as any permutation of that of s(t).Theorem 5 has the implication of asolution of multi-user problems. Animplementation of the theorem is given in[20].V. ConclusionWe considered the class of FIR mixerscalled reversible mixers, the broadest class forthe purpose of demixing. A characterizationof reversible mixers is first given. We thenshow that any reversible mixer can be writtenas a product of an irreducible mixer and aparaunitary mixer. Based on this fact, we thenshow a limitation of SOS. Specifically, SOS

does not have enough information to do blinddemixing when the source signal is white. Thebest it can do is to deconvolve a class ofreversible systems. The explicit form of thisclass of reversible systems is given in Theorem3. We then show in Theorem 4 that the SOStogether with the fourth order spatial statisticsof the signal do have sufficient informationfor blind demixing. Finally, we consider thecase when signal is not while. It is shown inTheorem 5 that if the set of autocorrelationfunctions of the signals together with theirdisplacements is linearly independent, then thesecond-order temporal statistics do havesufficient information for blind demixing.Noise

nt( )

is ignored in this paper for thepurpose of analysis. This can be justified if itssecond order statistics can be removed, forexample by a subspace method.Finally, since this is a review paper, allproofs but the one for Theorem 3 are omittedbut referenced.REFERENCES[1]J. Herault, C. Jutten, and B. Ans, ÒDetection degrandeurs primitives dans un message composite parune architecture de calcul neuromimetique enapprentissage non supervise,Ó in Proc. GRETSI,Nice, France, pp. 1017-1020, 1985.[2]P. Comon, ÒIndependent component analysis, a newconcept?Ó, Signal Processing, pp. 287-314, Apr.1994.[3]J. -F. Cardoso, ÒBlind signal separation: statisticalprinciples,Ó Special Issue on Blind SystemIdentification and Estimation, Proc. of IEEE, pp.2009-2025, October 1998.[4]L. Tong and S. Perreau, ÒMultichannel blindIdentification: From subspace to maximumlikelihood methods,Ó Special Issue on Blind systemidentification and estimation, Proceedings of IEEE,pp. 1951-1968, October 1998[5]D. Slock, ÒBlind joint equalization of multiplesynchronous mobile users using oversamplingand/or multiple antennas,Ó Proc. Asilomar Conf.,October 1994.[6]D. T. Slock, "Blind fractionally-spaced equalization,perfect reconstruction filter-banks and multichannellinear prediction," in Proc. ICASSP, vol. 4, pp. 585-588, 1994.[7]K. Abed Merain, P. Loubaton, and E. Moulines, "Asubspace algorithm for certain blind identificationproblem," IEEE Trans. Inform. Theory, vol. 43, pp.499-511, March 1997.[8]A. Gorokhov and P. Loubaton, "Subspace-basedtechniques for blind separation of convolutivemixtures with temporally correlated source," IEEETrans. Circuits Syst.-I, vol. 44, pp. 813-820, Sept.1997.[9]A. Gorokhov and P. Loubaton, "Blindidentification of MIMO-FIR system: a generalizedlinear prediction approach,Ó Signal Processing,1999.[10] G. Forney, ÒMinimum bases of rational vectorspaces with applications to multivariable linearsystems,Ó SIAM J. Contr., vol. 13, pp. 493-520.May 1975.[11] T. Kailath, Linear Systems. New York: PrenticeHall, 1980.[12] Special Issue on Signal Processing for AdvancedCommunications, IEEE Trans. Signal Processing,vol. 45, Jan. 1997. [13] L. Tong, G. Xu, and T. Kailath, "A new approach toblind identification and equalization of multipathchannels," in Proc. 25th Asilomar Conf., PacificGrove, CA, 1991, pp. 856-860. [14] Y. Inouye and R. Liu, "Criterion for direct blinddeconvolution of MIMO FIR systems driven bywhite source signals," in Proc. ICASSP, Phoenix,AZ, 1999, paper #1138.[15]R. Liu and Y. Inouye, "Direct signal separation ofconvolutive mixtures of white spatiallyindependent non-Gaussian signals," in Proc.ICA’99 (1st Int. Workshop on IndependentComponent Analysis and Signal Separation),Aussois, France, pp. 233-238, 1999.[16] R. Liu and Y. Inouye, "Direct blind deconvolutionof multi-user-multichannel systems," in Proc.ISCAS, Orlando, FL, vol. 5, pp. 49-52.[17] J. K. Massey and M. K. Sain, "Inverse of linearsequential circuits," IEEE Trans. Computers,pp. 330-337, 1968.[18] Y. Inouye and R. Liu, ÒA System-TheoreticFoundation for Blind Equalization of an FIR MIMOChannel System,Ó Proc. ISCAS, May 2000, toappear.[19]Y. Inouye and R. Liu, ÒA System-TheoreticFoundation for Blind Equalization of an FIR MIMOChannel Systems,Ó Submitted for publication.[20]H. Luo and R. Liu, ÒSecond-Order Statistics BlindMIMO-FIR Channel Equalization for AntennaArray-Based Wireless Communications Systems,ÓIEEE Sensor Array and Multichannel (SAM)Signal Processing Workshop , (to appear)Cambridge, Massachusetts, March 2000.