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Abstract
This short report analyses a simple and intuitive online learning algorithm - termed the
graphtron - for learning a labeling over a fixed
graph, given a sequence of labels. The contribution is twofold, (a) we give a theoretical
characterization of the possible sequence of
mistakes, and (b) we indicate the use for extremely large-scale problems due to sublinear
space complexity and nearly linear time complexity.
This work originated from numerous discussions with John, Mark and with Johan.

1. Introduction
Many prediction problems can be reduced to the basic problem of predicting the labeling of all nodes in a
given graph, after observing a few labels. We mention
the application of labeling web pages as ’spam’ or ’nonspam’ on the www network after seeing some example
pages with corresponding label, the selection of people
in a social network as a potential advertisement target,
or predicting disease relatedness over functional gene
networks. This setting of transductive inference is considered as ’less complex’ (in some sense) compared to
the general inductive learning setting, where one not
only aims for the labeling of the given nodes (datapoints), but for a generic predictive rule as well. A
main advantage of studying this scheme is that one
has to learn over finite domains (all possible labelings). This work explores further this learning scheme
as introduced in (Vapnik, 1998) and followup work,
and specifies further towards finite, weighted undirected graphs as in (Blum & Chawla, 2001; Joachims,
2003; Blum et al., 2004; Hanneke, 2006), and work
done by the author (Pelckmans et al., 2006; Pelckmans et al., 2007a; Pelckmans et al., 2007b; Pelckmans
Preliminary work. Under review by the International Workshop on Mining and Learning with Graphs (MLG). Do not
distribute.

et al., 2007c). A probabilistic approach was taken in
the above publications, relying basically on a suitable
random sampling mechanism of the labeled nodes, giving rise to firm probabilistic guarantees based on exponential concentration inequalities. Moreover, one
considered here the batch learning setting, where the
labels which are to be used for training are all available
at the time of application of the learning algorithm.
This work takes another route, namely that of online
learning, where the learning machine is presented with
a sequence of labels, and has to predict those only
based on the preceding labels. The classical algorithm
corresponding to this scheme is the perceptron algorithm, marking the start of the movement of artificial
intelligence. It is only recently that this is applied for
the setting of learning over graphs, namely in (Herbster & Pontil, 2007) a modification of the perceptron is
introduced, based upon the role of the (pseudo-inverse
of the) graph Laplacian to represent the nodes in a
genuine coordinate system, and application of the perceptron on this one follows straightforwardly. Here already, the role of the graph cut induced by the true
labeling (in combination with the graph resistance diameter) was found of paramount use in the derivations.
Consider weighted undirected graphs G = (V, E) with
n nodes in V and loopless edges E with positive weights
{aij = aji ≥ 0}ij . Let the graph Laplacian L = D − A
with A the positive adjancy matrix, and D the corresponding degree matrix. Remark that the vector 1n
belongs by construction to the null-space of L. The
graph cut associated to a labeling y ∈ {−1, 1}n over
the nodes can then be formalized as
cut(y) =

X
yi 6=yj

aij =

n
1
1 X
aij (yi − yj )2 = y T Ly.
4 i,j=1
4

(1)

2. Graphtron Algorithm
Consider the graphtron online algorithm as described
in algorithm 1, with the set M cumulating the mistakes. The proposed graphtron algorithm. Note that
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P
ties (or j∈Mm aij yj∗ = 0) are treated always as mistakes in this scheme.
Algorithm 1 Graphtron
Input: initialize M = {}, m = 0
repeat
1. An adversarial asks the label of node i.
2. We predict


X
aij yj∗ 
ŷi = sign 
j∈Mm

3. Nature provides the true label yi∗
if ŷi 6= yi then
Mm+1 = Mm ∪ {i} and m = m + 1
end if
until one is satisfied (computationally, accuracy)
This algorithm will make only a small number of mistakes, and the occurrence of mistakes can be characterized in terms of the graph topology. At first, we define
the notion of the mistake subgraph GM as follows:
Definition 1 (Mistake Subgraph) Let M = MM
contain the indices of nodes where the algorithm incurs a mistake. Then the mistake subgraph GM is the
subgraph of G which only contains the nodes in M , and
the present edges between them. Furthermore, let dM
be the degrees of
P the subgraph spanned by the nodes in
M , or dM,i = j∈M aij .
The analysis is much in the same style of Novikoff’s
mistake bound for the perceptron algorithm.
Lemma 1 (Mistake Bound) Let y ∗ be the true labeling. The above algorithm will incur at most |M |
mistakes where
X
dM,i ≤ 4 cut(y ∗ ),
i∈M

P
where i∈M dM,i equals twice the weight of all edges
in the mistake graph GM .
Proof:
The proof relies on decomposing the true
labeling in the mistaken labels (in the set M ) and the
correctly predicted ones (in the set T ) such that one
has
y ∗ = yM + yT ,
where yM,i = yi∗ for i ∈ Mm and zero otherwise, and
similarly yT,i = yi∗ for i 6∈ Mm and zero otherwise Let
AL denote the lower triangular part of A such that

A = A0L + AL . Now, note that the consequence of
predictions made by the algorithm can be written as
ŷ = sign (AL yM ) ,
where the sign is applied elementwise. Remark that a
key issue is that the diagonal of A are all zero, and
AL yM is not dependent on the currently node. The
following inequality provides the crux of the argument
0
0
0
0
yM
LyM = yM
DyM − 2yM
AL yM ≥ yM
DyM ,
0
0
since yM
AL yM = yM
A0L yM , and yM (AL yM ) will contain only mistakes and is necessarily smaller than 0.
Conversely, one has
0
4 cut(y ∗ ) = y 0 Ly ≥ yM
LM yM

since the graph spanned by only the nodes in M is a
subgraph of the total graph with Laplacian LM . Let
DT and DM be the degree matrices of the after cutting
the nodes in M , and
Pthe remaining ones respectively
P
such that DM,ii = j∈M aij and DT,ii = j6∈M aij
for all i = 1, . . . , n, and D = DT + DM . Then one has
0
0
that yM
LM yM = yM
(DM − A)yM and
0
0
0
0
yM
LM yM = yM
(D−DT −A)yM = yM
LyM −yM
DT yM

Combining the above (in)equalities yields
X
0
4 cut(y ∗ ) ≥ yM
(D − DT )yM =
(di − dT,i )
i∈M

since D and DT are diagonal, and the result follows.

Specifically, if one has cut(y ∗ ) = 0, one could not
make
any mistakes which are linked together, or
P
d
i∈M M,i = 0 (if two nodes were connected, they
could not have a different label). This inequality can
now be worked out to give a specific bound for various topologies. For example, consider a binary fully
connected graph (a clique). If all nodes have the same
labels (or cut(y ∗ ) = 0), one has m ≤ 1 which is tight.
If the clique contains two disjunct classes, one has
(m − 1)m ≤ 4 cut(y ∗ )
since any subgraph of m nodes will have a total weight
of m(m − 1). Similarly, if one has two disjunct cliques
and labeling y ∗ with cut(y ∗ ) = 0, one has m ≤ 2 which
again is tight. Thirdly, consider a binary weighted
graph consisting of 2 cliques with a single link between
those, and assume the true labeling cuts this single
edge e. Then the algorithm could incur at most three
mistakes (one at the interface of clique 1 with e, one
inside clique 2, and the last at the intersection of clique
2 with e), and the bound would work out to be tight
again.
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3. Discussion
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